
PhD Macro 2 Topic 5 Questions 
 

1) Suppose we observe 𝑥𝑥1, … , 𝑥𝑥𝑇𝑇, where: 

𝑥𝑥𝑡𝑡 = 𝜌𝜌𝑥𝑥𝑡𝑡−1 + 𝜀𝜀𝑡𝑡 ,   𝜀𝜀𝑡𝑡 ∼ NIID(0,𝜎𝜎2),   𝑥𝑥0 = 𝑚𝑚0, 

where 𝑚𝑚0 is an known parameter representing the point at which the process was started. Derive 
closed-form expressions for the maximum likelihood estimates of 𝜌𝜌 and 𝜎𝜎. Show that the maximum 
likelihood estimate of 𝜌𝜌 is identical to the results of an OLS regression of 𝑥𝑥2, … , 𝑥𝑥𝑇𝑇 on 𝑥𝑥1, … , 𝑥𝑥𝑇𝑇−1. 

 

2) Suppose we observe 𝑥𝑥1, … , 𝑥𝑥𝑇𝑇, where: 

𝑥𝑥𝑡𝑡 = 𝜌𝜌𝑥𝑥𝑡𝑡−1 + 𝜀𝜀𝑡𝑡 ,   𝜀𝜀𝑡𝑡 ∼ NIID(0,𝜎𝜎2),   𝑥𝑥0 = 𝑚𝑚0, 

where 𝑚𝑚0 is an unknown parameter representing the point at which the process was started. Derive 
closed-form expressions for the maximum likelihood estimates of 𝜌𝜌, 𝜎𝜎 and 𝑚𝑚0. Show that the 
maximum likelihood estimate of 𝜌𝜌 is asymptotically equivalent to the results of an OLS regression of 
𝑥𝑥2, … , 𝑥𝑥𝑇𝑇 on 𝑥𝑥1, … , 𝑥𝑥𝑇𝑇−1. Is the maximum likelihood estimator of 𝑚𝑚0 consistent? 

 

3) Prove the “useful property of the Normal distribution” from the slides in the case when 𝑈𝑈 and 𝑉𝑉 
are scalars. 

 

4) [Part of a 2016 exam question.] Suppose that: 

𝑧𝑧𝑡𝑡 = 𝑧𝑧𝑡𝑡−1 + 𝜎𝜎𝑧𝑧𝜀𝜀𝑧𝑧,𝑡𝑡 

𝑎𝑎𝑡𝑡 = 𝑧𝑧𝑡𝑡 + 𝜎𝜎𝑎𝑎𝜀𝜀𝑎𝑎,𝑡𝑡 

where 𝜀𝜀𝑧𝑧,𝑡𝑡 , 𝜀𝜀𝑎𝑎,𝑡𝑡 ∼ NIID(0,1) (i.e. they are independent, identically distributed standard normals), and 
where 𝜎𝜎𝑧𝑧 > 0 and 𝜎𝜎𝑎𝑎 > 0. Let ℱ𝑡𝑡 ≔ [𝑎𝑎𝑡𝑡 ,𝑎𝑎𝑡𝑡−1, … ] be all the available information in period 𝑡𝑡. I.e. 𝑎𝑎𝑡𝑡 is 
observable, but 𝑧𝑧𝑡𝑡 is not. 

Suppose that 𝑧𝑧𝑡𝑡|ℱ𝑡𝑡 ∼ N(𝑚𝑚𝑡𝑡 , 𝑣𝑣𝑡𝑡). 

(a) Prove that 𝑧𝑧𝑡𝑡+1|ℱ𝑡𝑡+1 ∼ N(𝑚𝑚𝑡𝑡+1, 𝑣𝑣𝑡𝑡+1), fully explaining your steps, and giving simple expressions 

for 𝑚𝑚𝑡𝑡+1 and 𝑣𝑣𝑡𝑡+1 in terms of 𝑚𝑚𝑡𝑡, 𝑣𝑣𝑡𝑡, 𝑎𝑎𝑡𝑡+1, 𝜎𝜎𝑧𝑧 and 𝜎𝜎𝑎𝑎. You may assume that if �𝑈𝑈𝑉𝑉� ∼
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��, then 𝑈𝑈|𝑉𝑉 ∼ N(𝜇𝜇𝑈𝑈 + Σ𝑈𝑈𝑈𝑈Σ𝑉𝑉𝑉𝑉−1(𝑉𝑉 − 𝜇𝜇𝑉𝑉), Σ𝑈𝑈𝑈𝑈 − Σ𝑈𝑈𝑈𝑈Σ𝑉𝑉𝑉𝑉−1Σ𝑉𝑉𝑉𝑉). 

(b) Prove that there exists 𝜅𝜅 such that for all 𝑡𝑡 ∈ ℤ, 0 < 𝑑𝑑𝑣𝑣𝑡𝑡+1
𝑑𝑑𝑣𝑣𝑡𝑡

≤ 𝜅𝜅 < 1, and use this to show that as 

𝑡𝑡 → ∞, 𝑣𝑣𝑡𝑡 → 𝑣𝑣∗, where 𝑣𝑣∗ is the unique value such that if 𝑣𝑣𝑡𝑡 = 𝑣𝑣∗, then 𝑣𝑣𝑡𝑡+1 = 𝑣𝑣∗. 

(c) Find the values of 𝜆𝜆 and 𝑣𝑣∗ such that if 𝑧𝑧𝑡𝑡|ℱ𝑡𝑡 ∼ N(𝑚𝑚𝑡𝑡 ,𝑣𝑣∗), then 

𝑧𝑧𝑡𝑡+1|ℱ𝑡𝑡+1 ∼ N�(1 − 𝜆𝜆)𝑚𝑚𝑡𝑡 + 𝜆𝜆𝑎𝑎𝑡𝑡+1, 𝑣𝑣∗�. 

 



5) Use the properties of the Kronecker product to convert the Kim et al. (2008) representation into a 
VAR in [𝑥𝑥1,𝑡𝑡

′ 𝑥𝑥1,𝑡𝑡
′ ⊗ 𝑥𝑥1,𝑡𝑡

′ 𝑥𝑥2,𝑡𝑡
′ ]′ as in the Kollmann (2013) estimation method. For “bonus points”, 

derive the covariance matrix of the shock. 

 

6) Complete the following exercises from “Methods for applied macroeconomic research” (Canova): 

a) 

 

b) 

 

 

c) 

 

 


