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Outline of today’s talk

* First generation endogenous growth models.
* Semi-endogenous growth models.
* Second generation endogenous growth models.

* Deeper micro-foundations for endogenous growth.
e Quality ladders.
* Preference for variety.



Reading for today

* A growth textbook. E.g.:
e “Economic Growth”: Barro and Sala-i-Martin
* “The Economics of Growth”: Aghion and Howitt

* “Introduction to Modern Economic Growth”: Acemoglu

e Charles Jones: “Growth with or without scale effects”
* http://pubs.aeaweb.org/doi/pdfplus/10.1257/aer.89.2.139



http://pubs.aeaweb.org/doi/pdfplus/10.1257/aer.89.2.139

Motivation

* In the models you have seen up to now, all growth was driven by exogenous
movements in total factor productivity.

* But what is total factor productivity? And why should it grow?
* These are the questions answered by endogenous growth theory.

* While the welfare consequences of business cycles are generally small, the
welfare consequences of even tiny changes in growth rates can be huge.

* So understanding what we can do to encourage long-run growth is crucial for
policy.
* Example:
« Suppose C, = e9tt9€t=9%/2 where ¢,~NIID(0,1), so E,_,C, = e9".
* And suppose household utility is given by Uy = Eq Y520 B log C;.

0 2 1
 Then Uy = X220 f4(gt — 02/2) = 2o - T2

* B ~ 0.99 means Uy ~ 9900g — 5002. g is much more important!




The AK model (1/2)

» Suppose that there are not in fact decreasing returns to capital, holding fixed labour. In
particular, set Y = AKL'~%. (Standard AK model has ¢ = 1.)

* You might like to think of K as “human capital”, or the stock of ideas/knowledge.
* Whereas my factory cannot use your machines, it can use your ideas.
* Knowledge is non-rival.

* Suppose labour is supplied inelastically, with each household supplying one unit, and
suppose the number of households is given by N(t) = Nye™.

* Households maximise: U = fOOON(t) -et C(f) dt, where c(t) = (§IS consumption per
head.
* Then:

o c(t)l=¢
= [y CO
0 1—0

* where p := g — on.

* As ever, capital evolves according to: K(t) = I(t) — 6K (t), where Y(t) = C(¢t) + I(¢t).



The AK model (2/2)

¢ We form the current value Hamiltonian:

Cl—O'
He(K,C,2) = N§ 7= ~+ A[AKNE%e(-®nt — ¢ — 5K].
* FOCs:
pA—A=H, (K ,C, 1) = AAN;e(1-®nt _ 3§
0="H.,(K,C,A))=NgC™ % -2
* So
I ANol—O'e(l—a)nt —5—o
== +n
C o
¢ _ AN}~ %*-6-0 . . .
* Supposen =0ora =1, then p i — + n, so we have exponential growth, even without growth in A4,

providing A is large enough.

* However, if n > 0 and a < 1, then growth rates are increasing over-time, so we have super-exponential
(explosive) growth.

* n=0ora=1isa “knife-edge” assumption for endogenous growth.
* Note also that changes in the level of population (N,) imply counter-factual changes in the rate of consumption growth.

* Thisis a “strong scale effect” in Jones’s terminology.



The first generation endogenous growth model
(Romer (1986), Lucas (1988), Grossman Helpman
(1991), Aghion and Howitt (1992)) (1/2)

* Clearly, K in the AK model is not physical capital.
* We are better off preserving the letter K for physical capital then.

* |s it a good model of the knowledge stock?

* |tis odd to think of knowledge as depreciating at any significant rate. With a few notable exceptions, we have access now to
most of the material that has ever been published.

* [tis stranger still to think of knowledge as being produced from physical goods.

* Instead, we might directly model a productivity production function of the form A = kAL,, where Ly is the
labour devoted to R&D.

« Abstracting from physical capital, we suppose a production function of the form Y = ASLy, where L, + Ly =
N = Noent.

* Defines = LFA as the fraction employed in R&D.

* Immediately we have that A/A = ksNye™, so there can only be exponential growth if it happens that the optimal s satisfies
s/s = —n, so the number engaged in R&D aren’t growing over time.

* ltis also clear from this that policies designed to promote R&D have a large pay-off in this model, as an increase in s increases
the growth rate.

* We again have strong scale effects too, with N, increasing productivity growth rates.

* We keep household utility as before, though now Y = C.



The first generation endogenous growth
model (2/2)

We form the current value Hamiltonian:

(A5(1 = s)Nge™) 7

H (A s,A) =N T + AksANye™.
* FOCs:
1-0
pA—A = Hce1(4,5,4) = (1 —0)INg (A<(1 _15)_N;ent) %+ AksNye™
0=%,,(451) =—1—-0)NG (aa _1S)_N;ent)1_a% 4 kAN et
* Hence:

ApA — AL = A(AksNye™) + {s(AkANye™) = (1 + {)AxsANye™.

le:A/A =0 —on—(1+ rsNye™

Then from taking growth rates in the second FOC:

(1 )A S + S (1+)N”t+A+
cr{A - n S—Q on {)ksNye ) n

Substituting $/s = —n makes clear this is not consistent with exponential growth in A unlessn = 0 or { = 0.



The semi-endogenous growth model of Jones
(1995b)

* The key assumption driving growth in first generation endogenous growth models was the linear
technology for the production of new ideas.

* But plausibly, R&D is getting harder over time as all of the obvious ideas have already been
thought up.

* This suggests a knowledge production function of the form: 4 = KA¢LA, where ¢ < 1.

* Then: A/A = KSA¢’_1NOe"t, so if n = 0 and s is constant, then growth rates are declining over
time, and growth is sub-exponential.
* ¢ = 1 was another implicit knife-edge assumption in the first generation models.
* To see the problem with ¢ = 1 another way, note that along the balanced growth path (bgp), we must

n

haven = (1 — ¢) gy, i.e. g4 = s

* Semi-endogenous growth models have very different policy implications, since s no longer
appears in the growth rate.

* Thus policy cannot do much to influence long-run growth (beyond encouraging people to have more
children).

* Since the growth rate of productivity depends on the growth rate of population, we say the model has
“weak scale effects”.



Second generation endogenous growth models
(Young (1998), Peretto (1998), Aghion and Howitt
(1998), Dinopoulos and Thompson (1998), Li
(2000, 2002))

* Suppose the final consumption good is produced using C = 71V [% fg Ylm di]

* v controls the returns to variety. v = 0 and v = u are common choices.

* Suppose that product i is produced using the linear technology Y; = A;Ly ;, where A; = KA?ATPALAJ.

+ And suppose that 7 grows over time according to = y (:E)I?i] Ai)¢7_1 jlijg.
ielo,

* We assume resources are equally allocated across varieties, and that initial conditions are identical, so we drop
i subscripts in the following.

o letl, = %sA(l —5sg)N, Ly = %(1 —5,)(1 —s9)N, Ly = s7N, where the share parameters are constant along the bgp.
* Hence, C = J**YAL, = 7VA(1 — s4,)(1 — s7)N, s0 gc = vg; + g4 + gn-

* Also, on the bgp (if it exists): 0 = (¢pg — 1)ga + (W4 — 1)gs + nand 0 = (Y5 — 1) gy + (¢p5 — 1) g4 + n, from
the laws of motion for A and J.

1-¢4 1 —?PA] [QA] _ [n]

e le.

1-¢; 1-1y
* If ¢y # ¢pg0rP, # 1Py, then we can (probably) invert the matrix on the LHS, to find g4, g5 < n (i.e. this is semi-endogenous
growth).

A/A__ /1

* fa=¢5(= p) and i, = P5(= ) then ——— = 2=

and exponential productivity growth persists whether or not population growth is zero (i.e. this is endogenous growth).

= AP-1gV- 1IN e™ = A¢ 171/) N, so R&D shares again matter,



Microfoundations of endogenous growth

* In order to understand whether the knife edge assumptions behind endogenous
growth are plausible, it is important to understand the mechanisms behind
growth a bit more carefully.

e There are three broad classes:
* Schumpeterian/creative destruction/quality-ladder models, used by Aghion and Howitt.
* Variety expansion models, used by Romer.

* Incremental improvement models, used by Peretto (and me!).

* The second generation model we presented previously was of this class, with a production function
for technology in each industry.

* Various combinations of these classes are possible.



Quality ladder models (1/7)

L 1+H.
. LetC = [ AL di]

u

T1tu

_H
* Then from the aggregators’ FOC, P; = C1*#Y; where P; is the price of good i.

1+p

* Hence,¥V; =P, " C.

L

* Suppose that there are J; firms in industry i, and that firm j in industry i has the production technology Y; ; =
Ai’ij’i’j.

* We suppose that there is free entry of firms to the industry, with zero entry cost.

* Again, zero entry cost is a very special assumption.
* Suppose firms in each industry compete in price (Bertrand).

* Letd; = jer{rllfln)'(]i}Ai,j,ji € argje?ff‘.i(ji}Ai’j and 4; = maX{Ai,j |j ef{1,.../;},j # ji}.

* Asstandard,if J; =1, P; = (1 + u) %, where W is the wage.

* IfJ; > 1, P, = min {(1 + u) %,%} and only the firm j; for which 4; ;. = A; will produce anything.



Quality ladder models (2/7)

* Suppose that if firm j in industry i devotes Lg ; ; units of labour to research during the interval
[t,t + dt], the probability that they come up with a productivity improvement in that period is

¢
KLR’U dt.

* We will simplify by taking ¢ = 1 in the below, but remember that without ¢ = 1 things can be quite
different.
* Suppose further that when firm j comes up with such an improvement, its new productivity is

1 + y times the old A4;. Hence A; = 1'::/.

1 1 1

i 1 -
e Let 7 :== min{y, u}, then P, = (1 +9) %, sol= folPl. Pdi=(1+79) W = folA? di.
1 u
 le.W =$[f01Afdi] .

e And the profit flow to the incumbent in industry i with productivity 4 is:

1
Tl =P+ F (@) “cw



Quality ladder models (3/7)

* When they are displaced, by the free entry condition, their present discounted value must
be 0, so the total value of being the incumbent in industry i at t, with productivity A is:

Vi(t|A)
= m(t|A) dt — W(t)Lg;;,(t) dt

+ (1 —r@®) dO)[(1 — kLi(t) dt — kLg j,(©) dt)Vi(t + dt|A) + (L;(£) dE)O



Quality ladder models (4/7)

* Let 0;(t) = 0 be the value of firm j in industry i when j # j;. Then:
0, (t)
= —W(t)Lg; () dt + (1 —7() dO)[(1 — KLg; ;(t) dt)0; j(t + dt) + (kLg, ; () dt)V;(t + dt|A; (D) (1 +1))]
+ w;j(t)Lg; ;(t) dt

© le. W) = kVi(tl4; () (1 + 1)) + wy (D).
* Hence, from the FOC for Lg ; ;. (t), w; ;,(t) = kV;(t|A;(t)) + w; j(t) > 0,50 Lg,; ;,(t) = 0.

* This implies that:
Vi(t|A) = n(t|A) dt + (1 —r(t) dt)(1 — kL;(t) dt)V;(t + dt|A)

* Hence:
KL (O)V;(t|A) — m(t|A) = Vi(t|A) — r(©)V;(t|A)

s le,ifw;;(t) =0: L;(OW(t) —m(t|4;(O)(A +y)) = %(W(t) — r(t)W(t))

* So:

£ = %(% - r(t)> PP TR WO F (A0 + 1)

* Note, £;(t) is increasing in 4;(t), so differences in initial conditions get amplified over time, and there is no convergence
across industries.



Quality ladder models (5/7)

To close the model, we specify households as maximising:

*® 1
— —-pt 1 _ L 1+vl
U jo e logC(t) 77 (t) dt

Subject to the budget constraint:
WL+rB+N=C+B

Current value Hamiltonian:

1
H.(B,[C,L],A) =logC — 1—+VL(t)1+" + AIWL+7rB + 1 —C]

FOCs:
pd—A=H.,(B,[CL,A) = Ar

1
O = }[C,Z(l)(B; [C; L];A) = E - A

0= }[C,Z(Z)(BJ [CI L]IA) = _LV + AW

A ¢ w
e So==—==p—r,and—=L".
A c p ! c



Quality ladder models (6/7)

Suppose that 4;(0) = 1 foralli € [0,1], thenforanyi € [0,1]:

(0]

2,

k=0

W) =

U
k
1+79 (1 +p)+ PI‘(Al-(t) =(1+ )/)k)]

* Although each individual industry has stochastic output, aggregate output will not be
stochastic.

* Inthe limitas u — oo, this becomes:
logW(t) = —log(1+7vy) + Z klog(1l+y) Pr(Ai(t) =(1+ y)k)
k=1

* Now, a nice property of Poisson processes is that the number of times their event happens
in a fixed interval is Poisson distributed with parameter given by the integral of the rate
over that time, i.e. :

t t K
Pr(A(6) = (1+7)¥) = e i @ (K [ dT>
' 0



Quality ladder models (7/7)

* We solve the tractable case in which u = oo, since in this case £;(t) is not a function of i (so, in particular, it is
not a function of A4;(t)).

w C
e Infact: L(t) = L;(t) = 2 (ng— (t)) Jy%

¢ e d (K ftL(T) dr)k_l
« So:logW(t) = (K J, £ dr) e o LD dr Zf=1°U€T— 1|log(1 +y)

174

* Now,onthebgp,r—p === =9 and L = L (g, L are constants), thus providing these variables converge to

¢
c
the bgp quickly enough, f i(t)dt - KT 14 L vV —p,so:

k
- K—L_V—P N < ( p)) —t(KLZ‘V-P)
logW(t) —t K1+y —plle V1Hr z —e 1+y log(1+y) > 0ast - o

=>logW(t)—t<xliyZ‘V—p>log(1+y)—>Oast—>oo

* Hence g = (Klz—yZ“’ — p) log(1 + 7).

* Exponential growth! Note cross sectional variance of log productivity is increasing over time. Plausible?



Variety expansion models (1/4)

* We have already seen the basic idea behind variety expansion models.

* Dixit-Stiglitz aggregators incorporate a preference for variety, so the introduction of new products raises productivity.

* The literature using variety expansion for growth often places the Dixit-Stiglitz aggregator on the production
side.

* For a bit of “variety”, we present a version with investment specific technological change.
* |n particular, suppose the final good is produced in a perfectly competitive industry using the technology Y =
K*11~@,

* Let W be the wage and ry the rental rate of capital. Then W = (1 — a) % andrg = a%.

* Also suppose household capital K evolves according to K = I — 8K, where the investment good is produced
from intermediate goods M; € [0, 7] using the technology:

g 1 M
1=U Ml?*”di] .
0

* Suppose that inventing a new intermediate good requires a fixed cost of Ypﬂe units of the final good, and that
once invented, the inventor is the only person who can produce that intermediate good, one for one from the
final good.

* Market clearing requires Y = C + jYFJG + foj M; di.



Variety expansion models (2/4)

_1+p
* Asever, foralli € [0,7]: M; = (%) .

* P isthe price of the aggregate investment good in units of the consumption good.

Since intermediate produces have marginal costsof 1: P, = 1 + p.
1 —Uu . .
* Hence: P = lfg P, dil =1+ w3+, andg = —u%.

* The price of the investment good is unambiguously decreasing in J.

Then firm profits at t are:
1+u 1+u

() =pu(l+p) # P@) * 1(t) = pI ()~ W)
Free entry of inventors at t implies:
YeI1(t)? = n(t)dt + (1 —r(t) dt)YxI(t + dt)?

* Hence:
rYe7% =+ 0Yz7971 = pug~(+W| 4 gy, 7019

lLe. 7Yy — OY 2 = pg~(FuO),



Variety expansion models (3/4)

* To close the model, we specify households as maximising:

U= Jm et [log c(e) - LL(t)m] dt
0 1+v

Subject to the budget constraint: WL + 14K +rB + 1 = C + PI + B.

And the capital accumulation constraint: K = I — 6K.

e Current value Hamiltonian:

1
H,.([B,K],[C,L,1],2) =logC — ——L() + Ag[WL + 14K + rB + 1 — C — PI] + A¢[I — 6K]

1+v
* FOCs:
pAg — dg = Heq([B, K1, [C, L 11, 1) = Agr
p/‘lK - /‘iK = }[0'1(2)([3, K], [C,L, I],/l) = ABTK - 611{
1
0= }[C,Z(l)([Bl K]! [C, L, I]'A) = E - /13
0 = Hop2y([B, K1, [C, L, 1], A) = =LY + AW
0= :7'[(;,2(3)([3,1(], [C, L,I],A) = _P;{B + AI(
. A_B —_ — —_ —_ m — JV
SO)LB_ =p r,andC—L

. AIso:pP/lB—PiB—PAB=/13rK—6P/13,sor=%K—5+§=%K—5—,u§.



Variety expansion models (4/4)

* Now, onthe bgp,r =7, L = l_,and§= gs.

._—r_K_ — ‘r;—K:£:_
r= —0—ugy thus =2 =—ugs.
* Butry = aK% 1L'"% hence —ugs = :—K =(a—1) %
K
. rg Y _ @
e Ty SOy T g MO
W WG s —(1-a)Ke-* % __ o Y _
~ =LV implies—— = - =7—p,soas W (1-a)K*L )y = Tz Mgy, we have that ~
by m g o= gt s
= =T—p=_—"—pg;sof=p+_—_—ugs

Finally, since 7Yy — 0Yz gy = ud~HH+0[ e must have 0 = —(1 + u + 0) gy + g, ie. 1+
u+0 = ﬁ, so growth requires a further knife edge assumption on e.g. 6.

* This is related to the result of Huffman (2007).
* Including population growth would also do the trick, but would turn the model into a semi-

endogenous growth one.



An immodest slide

* In my own work, | build an endogenous growth model in which there
is true competition in each industry, with multiple firms producing
each product, at each point in time.

* There is both free entry into an industry, and free entry of new
industries, while growth comes from incremental productivity
improvements performed by individual firms.

* These two margins of entry prove crucial for generating robust
endogenous growth, and they allow me both to match the absence
of a unit root in GDP, and to generate exponential growth even with
asymmetric spill-overs from product to process innovation.



