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Appendix A: Getting started with DynareOBC

DynareOBC is a MATLAB toolbox designed to simulate and analyse models with
occasionally binding constraints. It relies on Dynare (Adjemian et al. 2011) internally. To get
started with DynareOBC, first download the latest release (dynareOBCRelease.zip) from:

https://github.com/tholden/dynareOBC/releases

Extract the zip archive into a sub-folder. You should also install the latest stable version of
Dynare from:

http://www.dynare.ore/download/dynare-stable

While DynareOBC contains a MILP solver, for best results, at this point, you should install
a commercial MILP solver. Many of these are free for academics. We have had good results
with Gurobi, which is available for academics by following the steps here:

http://www.gurobi.com/academia/for-universities

Other MILP solvers which are available for free to academics are documented in DynareOBC’s
ReadMe.pdf.

If you do not have administrative rights on your machine, you will also need to get your
administrator to install a few minor dependencies for you, which otherwise DynareOBC would
install itself. Full instructions for this are given in DynareOBC’s ReadMe.pdf.

Next, open MATLAB, reset the MATLAB path (to be on the safe side) and then add only
the following folders to your path. In each case, you should not click “add with subfolders”.
Only the folders specified need adding:

1) The “matlab” folder within Dynare.
2) The root folder of DynareOBC, i.e. the folder containing “dynareOBC.m”.
3) The “matlab” folder within whichever MILP solver you installed (if any).
You can now test your set-up of DynareOBC by typing:
dynareOBC TestSolvers
at the MATLAB command prompt. The first time you run DynareOBC it will install various
dependencies, and it may restart MATLAB several times. Note that if you have not installed a

commercial MILP solver, you should say “yes” when offered the choice to install “SCIP”,
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otherwise DynareOBC’s performance will be severely compromised. When DynareOBC has
installed everything necessary, it will run the solver tests. Double check in particular that the
LP and MILP tests are passing. (Results for the other tests, e.g. semi-definite programming are
not relevant.)

If everything has worked up to this point, then you now have a fully functioning install of
DynareOBC. To see it in action, you could start by running DynareOBC’s included examples.
Most of these examples can be run by changing to DynareOBC’s “Examples” directory in
MATLAB, and then executing the script “RunAllExamples”. This iterates over the various sub-
directories of the “Examples” directory, running the script “RunExample” within each.

Developing your own models for use with DynareOBC is easy. You can include one or
more occasionally binding constraints directly within your MOD file. For example, to include
a zero lower bound on nominal interest rates, your MOD file might contain the line:

i=max(0, 1.5 *pi+0.25*y);

DynareOBC supports both max and min (with two arbitrary arguments) and abs (with one
arbitrary argument). There are no restrictions on what is contained within the brackets. You do
not have to have a 0 term, and it does not matter which of the arguments of max or min is bigger
or smaller in steady state. The only limitation is that the two arguments of max or min cannot
be identical in steady state (likewise, the argument of abs cannot be zero in steady state). For a
work-around of this limitation in a financial frictions context, see the approach of Swarbrick,
Holden & Levine (2016).

Once you have included an OBC in you MOD file, you can run it with DynareOBC by

typing:

dynareOBC ModFileName.mod
where ‘“ModFileName.mod” is the name of your MOD file. Just as with standard Dynare, if
you have specified e.g. “irf=40" within your stoch_simul command, then DynareOBC will
produce impulse responses. Likewise, if you have specified e.g. “periods=1000" within your
stoch_simul command, then DynareOBC will produce a stochastic simulation.

As an example, the file “bbw2016.mod” in the “Examples/BonevaBraunWaki2016”

directory of DynareOBC contains the line:
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r = max( 0, re + phi_pi * (pi - pi_STEADY) + phi_y * (gdp - gdp_STEADY) );
in its model block, and has the following stoch_simul command:
stoch_simul( order = 1, periods = 0, irf = 40 );
We can run the MOD file (implementing the model of Boneva, Braun & Waki (2016)) by
typing:
dynareOBC bbw2016.mod
from within the “Examples/BonevaBraunWaki2016” directory. Doing this produces two sets
of impulse responses, however none of them hit the zero lower bound, as the shock is too small.
(This uses the solution algorithm of Holden (2016).)

To produce impulse responses to a larger shock, we can run DynareOBC with the
ShockScale command line option. This increases the size of the initial impulse in IRF
generation, without altering the standard deviations of the model’s shocks, or otherwise
changing the behaviour of stochastic simulation. For example, if we run:

dynareOBC bbw2016.mod ShockScale=5
then DynareOBC produces IRFs to a 5 standard deviation shock to each of the model’s
exogenous variables. This produces the two plots shown in Figure 1. In all DynareOBC plots,
the solid line shows the economy’s path imposing the bound(s), and the dotted line shows the

path the economy would have taken were it not for the bound(s).
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Figure 1: Sample output from running “dynareOBC bbw2016.mod ShockScale=5".
The left 4 panels show the response to a 5 standard deviation demand shock. The right 4 panels show the response to a 5
standard deviation productivity shock. All variables are in logarithms.

In all cases, the dotted lines show the path the economy would have followed were it not for the ZLB.
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DynareOBC always also outputs diagnostic information about the model. For example, for
this model, DynareOBC outputs the following, after it has made its final internal call to Dynare.
Here we have made the most important lines bold to highlight them, and we have removed some

additional white space:

Beginning to solve the model.
Solving the model for specific parameters.
Saving NLMA parameters.
Retrieving IRFs to shadow shocks.
Preparing normalized sub-matrices.
Largest P-matrix found with a simple criterion included elements up to horizon 32
periods.
The search for solutions will start from this point.
Pre-calculating the augmented state transition matrices and possibly conditional covariances.
Performing initial checks on the model.
M is an S matrix, so the LCP is always feasible. This is a necessary condition for there to
always be a solution.
varsigma bounds (positive means M is an S matrix):
6.7600451299659 6.76004512996604

sum of y from the alternative problem (zero means M is an S matrix):

0
Skipping tests of feasibility with infinite T (TimeToEscapeBounds).
To run them, set FeasibilityTestGridSize=INTEGER where INTEGER>O0.
Skipping further P tests, since we have already established that M is a P-matrix.
The M matrix with T (TimeToEscapeBounds) equal to 32 is a P-matrix. There is a unique
solution to the model, conditional on the bound binding for at most 32 periods.
This is a necessary condition for M to be a P-matrix with arbitrarily large T

(TimeToEscapeBounds).
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A weak necessary condition for M to be a P-matrix with arbitrarily large T
(TimeToEscapeBounds) is satisfied.

Discovering and testing the installed MILP solver.

Found working solver: GUROBI

Forming optimizer.

Preparing to simulate the model.

Simulating IRFs.

Cleaning up.

We see that DynareOBC'’s fast default diagnostics already identified that the M matrix for this
model was a P-matrix and an S-matrix, as well as providing some weak evidence that M is a P-
matrix for arbitrarily high T.

Note that DynareOBC refers to T as “TimeToEscapeBounds”. This is the name
DynareOBC gives to the command line option to control the size of the linear complementarity
problems DynareOBC solves internally. To see why this may be necessary, try running the
command:

dynareOBC bbw2016.mod ShockScale=10

Now DynareOBC does not complete successfully. Instead it reports:

Error using SolveBoundsProblem (line 241)
Impossible problem encountered. Try increasing TimeToEscapeBounds, or reducing the

magnitude of shocks.

To avoid this problem, we just need to follow the advice of the error message and run with a
higher value for “TimeToEscapeBounds”. For example, if we run:

dynareOBC bbw2016.mod ShockScale=10 TimeToEscapeBounds=64
then DynareOBC completes successfully. In this case the response to the productivity shock
stays at the ZLLB for more than 32 periods, which is significant as 32 is the default number of

periods for “TimeToEscapeBounds”.
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“TimeToEscapeBounds” and ‘“ShockScale” are two of DynareOBC’s command line

options. There is a full list of these options in the “ReadMe.pdf” contained in DynareOBC’s

root directory, along with details on what each option does. Since the full list of options may

be somewhat bewildering though, we conclude this getting started guide with details of those

options most relevant to the analysis of a model’s properties and those which impact perfect

foresight simulation. Note that all options accepting a number must be entered without a space

between the name of the option, the equals sign and the number.

TimeToEscapeBounds=INTEGER (default: 32)

The number of periods after which the model is expected to be away from any occasionally
binding constraints. If there is no solution which finally escapes within this time,
DynareOBC will produce an error.

TimeToReturnToSteadyState=INTEGER (default: 64)

The number of periods in which to verify that the constraints are not being violated.
ReverseSearch

By default, DynareOBC finds a solution in which the last period at the bound is as soon as
possible. This option makes DynareOBC find a solution in which the last period at the
bound is as remote as possible, subject to being less than the longest horizon (i.e.
TimeToEscapeBounds).

FullHorizon

By default, DynareOBC finds a solution in which the last period at the bound is as soon as
possible. This option makes DynareOBC just solve the bounds problem at the longest
horizon.

Omega=FLOAT (default: 1000)

The tightness of the constraint on the news shocks. If this is large, solutions with news
shocks close to zero will be returned when there are multiple solutions. It is often helpful
to combine this option with FullHorizon so that DynareOBC does not just choose the
solution which escapes the bound first.

SkipFirstSolutions=INTEGER (default: 0)
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If this is greater than O, then DynareOBC ignores the first INTEGER solutions it finds,
unless no other solutions are found, in which case it takes the last found one. Thus, without
ReverseSearch, this tends to find solutions at the bound for longer. With ReverseSearch, this
tends to find solutions at the bound for less time.

Feasibility TestGridSize=INTEGER (default: 0)

Specifies the number of points in each of the two axes of the grid on which a test of a
sufficient condition for feasibility with T = co is performed. Setting a larger number
increases the chance of finding feasibility, but may be slow.

If Feasibility TestGridSize=0 then the test is disabled.

SkipQuickPCheck

Disables the “quick” check to see if the M matrix has any contiguous principal sub-matrices
with non-positive determinants.

PTest=INTEGER (default: 0)

Runs a fast as possible test to see if the top INTEGERXINTEGER submatrix of M is a P-
matrix. Set this to O to disable these tests.

AltPTest=INTEGER (default: 0)

Uses a slower, more verbose procedure to test if the top INTEGERXINTEGER submatrix
of M is a P-matrix. Set this to 0 to disable these tests.

FullTest=INTEGER (default: 0)

Runs very slow tests to see if the top INTEGERXINTEGER submatrix of M is a P, and/or
(strictly) semi-monotone matrix.

UseVPA

Enables more accurate evaluation of determinants using the symbolic toolbox.
ShockScale=FLOAT (default: 1)

Scale of shocks for IRFs. This allows the calculation of IRFs to shocks larger or smaller
than one standard deviation.

IRFsAroundZero

By default at first order, IRFs are centred around the steady state. This option instead centres

IRFs around 0.
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Appendix B: Additional matrix properties and their relationships

The following definitions help us state our additional results:'

Definition 7 (Principal sub-matrix, Principal minor) For a matrix M € RT*T | the principal

sub-matrices of M are the matrices [MZ-,]-] , where S,ky,..., ks €{1,..., T}, k; <

ij=kq,.. ks
k, < -+ < kg, i.e. the principal sub-matrices of M are formed by deleting the same rows and
columns. The principal minors of M are the determinants of M’s principal sub-matrices.

Definition 8 (P(;)-matrix) A matrix M € RT*T is called a P-matrix (P,-matrix) if the

principal minors of M are all strictly (weakly) positive.

Definition 9 (General positive (semi-)definite) A matrix M € RT*T is called general positive

(semi-)definite if M + M’ is positive (semi-)definite (p.(s.)d.).

Definition 10 ((Non-)Degenerate matrix) A matrix M € RT*T is called a non-degenerate
matrix if the principal minors of M are all non-zero. M is called a degenerate matrix if it is

not a non-degenerate matrix.

Definition 11 (Sufficient matrices) M € R™*T is called column sufficient if M is a P-matrix,

and for each principal sub-matrix W := [Mi’j]z'j o . of M with zero determinant, and for
= 1s---/K5

each proper principal sub-matrix [Wi’j]z‘j—l . of W (R <S) with zero determinant, the
J=1,- R
columns of [Wi,]-] i=1,..s are not a basis for the column space of W.> M is called row

jzll/“'/lR

sufficient if M’ is column sufficient. M is called sufficient if it is column and row sufficient.
Definition 12 ((Strictly) Copositive) A matrix M € RT*T is called (strictly) copositive if
M + M’ is (strictly) semi-monotone.

Definition 13 (Adequate matrices) M € RT*T is called column adequate if M is a P,-matrix,

and for each principal sub-matrix W := [Mi'j]ij - of M with zero determinant, the
J=K1,--,K5

"'In each case, we give the definitions in a constructive form which makes clear both how the property might be verified
computationally, and the links between definitions. For the original definitions, and the proofs of equivalence between the ones
below and the originals, see Cottle, Pang & Stone (2009a) and Xu (1993).

2 This may be checked via the singular value decomposition.

3 Viiliaho (1986) contains an alternative characterisation which avoids solving any linear programming problems.
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columns of [Ml-/j] i=1,. 7 are linearly dependent. M is called row adequate if M’ is column
j:kl,...,ks

adequate. M is called adequate if it is column adequate and row adequate.

Definition 14 (S(s)-matrix) A matrix M € RT*T is called an S-matrix (Sy-matrix) if there
exists y € RT such thaty > 0 and My > 0 (My > 0).*

Definition 15 ((Strictly) Semi-monotone) A matrix M € RT*T is called (strictly) semi-

monotone if each of its principal sub-matrices is an So-matrix (S-matrix).

My Myp My
For example, consider the T = 3 case with M = [ My; My, Mz |. Then M is a P-matrix
Mz Mz Mss

My, M My M
if and only if M;; > 0, M,, >0, M5 > 0, det[ 11 12] >0, det[ 11 13] >0,
y 11 22 33 My, My, My, Ma,
My, My

det [
Mz, M;zs

] > (0and detM > 0.

Cottle, Pang & Stone (2009a) note the following relationships between these classes

(amongst others):

Lemma 1 The following hold:

1) All general positive semi-definite matrices are copositive, sufficient and P,.

2) All general positive definite matrices are P matrices.

3) Py includes skew-symmetric, general positive semi-definite, sufficient and P matrices.

4) All Pp-matrices, and all copositive matrices are semi-monotone, and all P-matrices, and all
strictly copositive matrices are strictly semi-monotone.

5) All column (row) adequate matrices are column (row) sufficient.

A common intuition is that in models without state variables, M must be both a P matrix,
and an S matrix. This is not true. There are even purely static models for which M is in neither
of these classes, as we prove the following result in Appendix H.5. See also Corollary 2 from

the main paper.

4 These conditions may be rewritten as sup{¢ € R|Jy >0s.t.Vie {1,....,T}, My); >¢Ay; <1} >0, and
sup{ZtT:1 Vi ’y >0My=>0AVvte(l,.., Ty < 1} > 0, respectively. As linear programming problems, these may be
solved in time polynomial in T using the methods of e.g. Roos, Terlaky, and Vial (2006). (More precisely, they can be solved
in time proportional to T237 in the worst case, by the result of Jiang et al. (2020), using the current best bounds on the “c"

and “a” constants on which their results depend.) Alternatively, by Ville’s Theorem of the Alternative (Cottle, Pang & Stone

2009b), M is not an Se-matrix if and only if —M’ is an S-matrix.
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which is neither a

QO X000

Proposition 3 There is a purely static model for which M. 1.o = —1

P-matrix, nor an S-matrix, for any T.

Appendix C: Supplemental results

This section starts by presenting additional uniqueness results. The next subsection gives
further existence results. Then, we examine the properties of small LCPs (with T =1or T =
2) in more detail. The section finishes with a discussion on how to approach checking for

existence and uniqueness in practice.

Appendix C.1: Uniqueness
The following corollary of Theorem 2 gives more easily verified necessary conditions for

uniqueness.

Corollary 6 If for all ¢ € RT, the LCP (g, M) has a unique solution, then:

1. All of the principal sub-matrices of M are P-matrices, S-matrices and strictly semi-
monotone. (Cottle, Pang & Stone 2009a)

2. M has a strictly positive diagonal. (Immediate from definition.)

T/ T)

7T

3. All of the eigenvalues of M have complex arguments in the interval (—7‘( +5,T—5).

(Fang 1989)

The following corollary of Theorem 2 gives more easily verified sufficient conditions for

uniqueness.

Corollary 7 For an arbitrary matrix A, denote the spectral radius of A by p(A), and its largest

and smallest singular values by ¢,,,,, (A) and 0., (A), respectively. Let |A| be the matrix with

IAII-]- = |Al-]~| for all 7,j. Then, for any matrix M € RT*T if there exist diagonal matrices

D;,D, € R™T with positive diagonals, such that W := D;MD, satisfies one of the following

conditions, then for all ¢ € R7T, the LCP (g, M) has a unique solution:

1. W is general positive definite. (Cottle, Pang & Stone 2009a)

2. W has a positive diagonal, and (W)~! is a nonnegative matrix, where (W) is the matrix
with (W);; = —]Wij| fori # j and (W);; = [W;;|. (Bai & Evans 1997)

3. p(I = WJ]) < 1. (Li & Wu 2016)

4. (I+ W)Y I+ W) — 0. (II — W2 is positive definite. (Li & Wu 2016)

Online Appendix: Page 10 of 97



5. O (1= W) < 0y (I + W). (Li & Wu 2016)
6. Oin((I—W)7HI + W)) > 1. (Li & Wu 2016)
7. O (I + W)7HI = W)) < 1. (Li & Wu 2016)

8. p(|d+W)"'d —W)|) < 1.(Li & Wu2016)

In our experience, whenever M is a P-matrix, it will usually satisfy one of these conditions
when D, and D, are chosen so that all rows and columns of [W| have maximum equal to 1,
using the algorithm of Ruiz (2001).

We also have necessary conditions for uniqueness with arbitrary T'. In particular:

Proposition 4 Given an otherwise linear model with an OBC, the limit, d;. of the k™ diagonal®
of M with T = oo exists, is finite, and is computable in time polynomial in k and the number
of state variables of the model. If for all finite T, M is a P-matrix, then forall S > 0, the S x S

Toeplitz matrix with k™ diagonal d;. is a Po-matrix.

The properties of the limits of the diagonals of M are established in Appendix H.4 as part of
the proof of Proposition 2. The rest of the claim follows from the continuity of determinants.
Since some classes of models almost never possess a unique solution when at the zero
lower bound, we might reasonably require a lesser condition, namely that at least when the
solution to the model without a bound is a solution to the model with the bound, then it ought
to be the unique solution. This is equivalent to requiring that when g is non-negative, the LCP

(g, M) has a unique solution. Conditions for this are given in the following proposition:

Proposition 5 The LCP (g, M) has a unique solution for all g € RT with g » 0 (g > 0) if and

only if M is (strictly) semi-monotone. (Cottle, Pang & Stone 2009a)

Hence, by verifying that M is semi-monotone, we can reassure ourselves that introducing the
bound will not change the solution away from the bound. When this condition is violated, even
when the economy is a long way from the bound, there may be solutions which jump to the
bound. Since principal sub-matrices of (strictly) semi-monotone are (strictly) semi-monotone,

a failure of (strict) semi-monotonicity for some T implies a failure for all larger T.

5 We take diagonal indices to be increasing as one moves up and right in M.
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Where there are multiple solutions, we might like to select one via some objective function.

This is tractable when either the number of solutions is finite, or the solution set is convex:

Proposition 6 The LCP (g, M) has a finite (possibly zero) number of solutions for all g € R
if and only if M is non-degenerate. (Cottle, Pang & Stone 2009a)
Proposition 7 The LCP (g, M) has a convex (possibly empty) set of solutions for all g € RT

if and only if M is column sufficient. (Cottle, Pang & Stone 2009a)

Finally, conditions for uniqueness of the path of the bounded variable is given in the following

proposition:

Proposition 8 There exists w such that for any solution y of the LCP (g9, M), g + My = w if

and only if M is column adequate. (Cottle, Pang & Stone 2009a)

Appendix C.2: Existence

‘We now turn to sufficient conditions for existence of a solution for finite T.

Proposition 9 The LCP (g, M) is solvable if it is feasible and, either:
1. M is row-sufficient, or,
2. M is copositive and for all non-singular principal sub-matrices W of M, all non-negative

columns of W~! possess a non-zero diagonal element.

(Cottle, Pang & Stone 2009a; Viliaho 1986)

If either condition 1 or condition 2 of Proposition 9 is satisfied, then to check existence for any
particular g, we only need to solve a linear programming problem. As this will be faster than

solving the particular LCP, this may be helpful in practice. Moreover:

Proposition 10 The LCP (g, M) is solvable for all g € R, if at least one of the following
conditions holds: (Cottle, Pang & Stone 2009a)

1. M is an S-matrix, and either condition 1 or 2 of Proposition 9 is satisfied.

2. M is copositive and non-degenerate.

3. M s a P-, a strictly copositive or strictly semi-monotone matrix.

If condition 1, 2 or 3 of Proposition 10 is satisfied, then the LCP will always have a solution.

Therefore, for any path of the bounded variable in the absence of the bound, we will also be
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able to solve the model when the bound is imposed. Finally, in the special case of nonnegative

M matrices we can derive conditions for existence that are both necessary and sufficient:

Proposition 11 If M is a nonnegative matrix, then the LCP (g, M) is solvable for all g € RT

if and only if M has a positive diagonal. (Cottle, Pang & Stone 2009a)

Appendix C.3: Small LCPs
LCPs of size 1

When T = 1, it is particularly easy to characterise the properties of LCPs. This amounts to
considering the behaviour of an economy in which everyone believes there will be at most one
period at the bound. In this case, i gives the “shock™ to the bounded equation necessary to
impose the bound, and M gives the contemporaneous response of the bounded variable to an
unanticipated shock: i.e., in a ZLB context, M gives the initial jump in nominal interest rates
following a standard monetary policy shock.

First, suppose that M (a scalar as T' = 1 for now) is positive. Then, if g > 0, for any y > 0,
q + My > 0, so by the complementary slackness condition, in fact y = 0. Conversely, if g < 0,
then there is a unique y satisfying the complementary slackness condition given by y = — % >
0. Thus, with M > 0, there is always a unique solution to the T =1 LCP. With M =0, g +
My = g, so a solution to the LCP exists if and only if g > 0. It will be unique providing 4 > 0
(by the complementary slackness condition), but when g = 0, any y > 0 gives a solution.
Finally, suppose that M < 0. Then, if g > 0, there are precisely two solutions. The “standard”
solution has y = 0, but there is an additional solution featuring a jump to the bound in which
y=- % > 0. If g = 0O, then there is a unique solution (y = 0) and if g < 0, then withy > 0,
g + My < 0, so there is no solution at all. Hence, the T = 1 LCP already provides examples of
cases of uniqueness, non-existence and multiplicity.
LCPs of size 2

We now consider the T = 2 special case, where we can again easily derive results from
first principles. Recall that a solution [y ] to the LCP ([ﬁh] , [MH My,

1
5 921" [My; My,
Y2 20, g1 + My1yq + Mypys 2 0, g5 + Moyyy + Mooys >0, y1(q1 + Mygys + Myoyn) =

]) satisfies y; > 0,
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0, and y,(g, + Mo1yq + Myoy,) = 0. With two quadratics, there are up to four generic
solutions, given by:
1) y; =y, =0.Existsifg; > 0and g, > 0.

2) Y1 = —AZ—L, Yo = 0. Exists lfAZ—L < 0and Mllqz > M21Q1-

_ _ q2 . e 92
3) Y1 = 0, Yo = —M—22 Exists lfM—22 < 0 and Mzqu > M12LI2-
_ Myppga—Mooqy _ Moyiq1—Mq192 s
D Y1 = N My Mooy Y2 = My Mpy—Mypy, EXIStS if Yy = 0 and y, 2 0.

Additionally, there are extra solutions in knife-edge cases:

5) If g, =0,M;; =0and g, > 0 then any y; > 0 is a solution with y, = 0.

6) If g, =0, M,, = 0and g; > 0 then any y, > 0 is a solution with y; = 0.

7 If g1 =0, g, =0, M{{My, = M1,M>;, then any y; >0 and y, > 0 with M,y =

—M,,Y, is a solution.

8) Ifgy =0,g9, =0, My = My, = My, = My,, then any y; > 0 and y, > 0 are a solution.
Appendix C.4: Checking the existence and uniqueness conditions in practice

The paper has presented many results, but the practical details of what one should test and
in what order may still be unclear. Luckily, a lot of the decisions are automated by the author’s
DynareOBC toolkit, but we present a suggested testing procedure here in any case. This also
serves to give an overview of our results and their limitations.

For checking feasibility and existence, the most powerful result is Proposition 2 and
Corollary 4. If the lower bound from Proposition 2 is positive, for all sufficiently high T, the
LCP is always feasible. If further conditions are satisfied for a given T, (see Proposition 9 and
Proposition 10) then this guarantees existence for that particular T. However, since the
additional conditions are sufficient and not necessary, in practice it may not be worth checking
them, as we have never encountered a problem without a solution that was nonetheless feasible.

The construction of the bounds in Proposition 2 (and its proof in Appendix H.4) requires
achoice of a T > 0. Finding a T for which Proposition 2 produces a positive lower bound on ¢
requires a bit of trial and error. T will need to be big enough that the asymptotic approximation
is accurate, which usually requires T to be bigger than the time it takes for the model’s
dynamics to die out. However, if T is too large, then DynareOBC’s conservative approach to

handling numerical error means that it can be difficult to reject ¢ = 0. Usually though, an
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intermediary value for T' can be found at which we can establish ¢ >0, even with a
conservative approach to numerical error.

For checking non-existence, Proposition 2 and Corollary 4 can still be useful, though in
this case, it does not provide definitive proof of non-feasibility, due to inescapable numerical
inaccuracies. For a particular T, we may test if M is not an S-matrix in time polynomial in T
by solving a simple linear programming problem. If M is not an S-matrix, then by Proposition
1 and Corollary 3, there are some g for which there is no path which does not violate the bound
in the first T periods. With T larger than the time it takes for the model’s dynamics to die out,
this provides further evidence of non-existence for arbitrarily large T. In any case, given that
only having a solution that stays at the bound for 250 years is arguably as bad as having no
solution at all, for medium scale models, we suggest to just check if M is an S-matrix with T' =
1000.

For checking uniqueness vs multiplicity, it is important to remember that while we can
prove uniqueness for a given finite T by proving that the M matrix is a P-matrix, once we have
found one T for which M is not a P-matrix (so there are multiple solutions, by Theorem 2 and
Corollary 1), we know the same is true for all higher T If we wish to prove that there is a unique
solution up to some horizon T, then the best approach is to begin by testing the sufficient
conditions from Corollary 7, with our suggested D, and D,. If none of these conditions pass,
then it is probable that M is not a P-matrix. In any case, checking that an M which fails the
conditions of Corollary 7 is a P-matrix for very large T may not be computationally feasible,
though finding a counter-example usually is. However, for purely forward-looking or purely
backward-looking models, Corollary 2 tells us all we need to know for any T.

If we wish to establish multiplicity (for models that are not purely forward-looking or
purely backward-looking), then Corollary 6 provides a guide. It is trivial to check if M has any
nonpositive elements on its diagonal, in which case it cannot be a P-matrix. We can also check
whether the expression derived in Appendix H.4 for the limit of the diagonal of M is non-
negative, which is a necessary condition for M to be a P-matrix for all large T (this is a special
case of Proposition 4). It is also trivial to check the eigenvalue condition given in Corollary 6,

and that M is an S-matrix. If none of these checks established that M is not a P-matrix, then a
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search for a principal sub-matrix with negative determinant is the obvious next step. It is
sensible to begin by checking the contiguous principal sub-matrices.® These correspond to a
single spell at the ZLB which is natural given that impulse responses in DSGE models tend to
be single peaked. This is so reliable a diagnostic (and so fast) that DynareOBC reports it
automatically for all models. Continuing, one could then check all the 2 x 2 principal sub-
matrices, then the 3 x 3 ones, and so on. With T around the half-life of the model’s dynamics,
usually one of these tests will quickly produce the required counter-example. A similar search
strategy can be used to rule out semi-monotonicity, implying multiplicity when away from the
bound, by Proposition 5.

Given the computational challenge of verifying whether M is a P-matrix, without
Corollary 7, it may be tempting to wonder if our results really enable one to accomplish
anything that could not have been accomplished by a naive brute force approach. For example,
it has been suggested that given T and an initial state, one could check for multiple equilibria
by considering all of the 27 possible combinations of periods at which the model could be at
the bound and testing if each guess is consistent with the model, following, for example, the
solution algorithms of Fair and Taylor (1983) or Guerrieri & Iacoviello (2015). Since there are
2T principal sub-matrices of M, it might seem likely that this will be computationally very
similar to checking if M is a P-matrix. However, our uniqueness results are not conditional on
q or the initial state, rather they give conditions under which there is a unique solution for any
possible path that the economy would take in the absence of the bound. Thus, while the brute
force approach may eventually tell you about uniqueness given an initial state, using our results,
in a comparable amount of time you will learn whether there are multiple solutions for any
possible 4. A brute force approach to checking for all possible initial conditions would require
one to solve a linear programming problem for each pair of possible sets of periods at the bound,

of which there are 227—1 — 27-1 7 This is far more computationally demanding than our

¢ Some care must be taken though as checking the signs of determinants of large matrices is numerically unreliable.
7 Given the periods in the constrained regime, the economy’s path is linear in the initial state. Excepting knife edge cases of

rank deficiency, any multiplicity must involve two paths each at the bound in a different set of periods. Consequently, a brute
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approach, and becomes intractable for even very small T. Additionally, our approach is
numerically more robust, allows the easy management of the effects of numerical error to avoid
false positives and false negatives, and requires less work in each step. Finally, we stress that in
most cases, thanks to Corollary 6 and Corollary 7, no such search of the sub-matrices of M is
required under our approach, and a proof or counter-example may be produced in time

polynomial in T, just as it may be when checking for existence with our results.

Appendix D: Formal treatment of our equivalence result

Appendix D.1: Problem set-ups
In the absence of occasionally binding constraints, calculating an impulse response or
performing a perfect foresight simulation exercise in a linear DSGE model is equivalent to

solving the following problem:

Problem 1 (Linear) Suppose that x, € R" is given. Find x, € R" for t € N such that:
1) x; > past — oo,
2) forallt e N*:

0=A(x;og —p) +B(xy — p) + C(xp1 — 1), (5)

The absence of shocks here is without loss of generality. For suppose 0 = A(J?t_l —u) +

Bz, — ) + C(%,,1 — 1) + De,, with %, — fiast — o, and that &, = 0 for t > S. Then, if

we define:
X4 i
X, = £t;|-1 = O’
o €t45 0
[A D0 0] B o - 0 [C 0 - 0]
100 I 0 I -~ 00 0
A:[o 0 0 - 0‘,3:: Lo (-),c::{: . }
S S | o oo
5o 0 o 0 - 0 I 00 « 0

then we are left with a problem in the form of Problem 1 (Linear), with the extended initial

condition:

force approach to finding multiplicity unconditional on the initial state is to guess two different sets of periods at which the
economy is at the bound, then solve a linear programming problem to find out if there is a value of the initial state for which

the regimes on each path agree with their respective guesses.
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€1
€s

and the extended terminal condition x; — y ast — co.

We make the following assumption throughout the paper and these appendices:

Assumption 1 For any given x5 € R", Problem 1 (Linear) has a unique solution, which
(without loss of generality) takes the form x, = (I — F)u + Fx,_q,fort € N*, where 0 = A +
BF + CFF (so F = —(B + CF)~'A), and where the eigenvalues of F are strictly inside the unit

circle.

Conditions (A’) and (B) from Sims’s (2002) generalisation of the standard Blanchard-Kahn
(1980) conditions are necessary and sufficient for Assumption 1 to hold. Further, to avoid
dealing specially with the knife-edge case of exact unit eigenvalues in the part of the model that
is solved forward, here we rule it out with the subsequent assumption, which is, in any case, a
necessary condition for perturbation to produce a consistent approximation to a non-linear

model, and which is also necessary for the linear model to have a unique steady state:

Assumption 2 det(A + B+ C) # 0.

We are interested in models featuring occasionally binding constraints. We will concentrate
on models featuring a single ZLB type constraint in their first equation, which does not bind in
steady state, and which we treat as defining the first element of x,. Generalising from this
special case to models with one or more fully general bounds is straightforward and is discussed
in Appendix D.3. First, let us write x4, I ., Aq ., By ., C; . for the first row of x;, I, A, B, C
(respectively) and x_q 4, [_; ., A_y , B_; ., C_; . for the remainders. Likewise, we write I. ; for
the first column of the identity, I, and so on. Then, from adding x; ; to both sides of the first

equation within the system (5), then incorporating a max, we produce the system of interest:
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Problem 2 (OBC) Suppose that x, € R" is given. Find T € N and x;, € R” fort € N* such
that:
1) x; > past — oo,
2) forallt € N*:
Xy, =max{0, I p+ Ay (x—y —p) + (By. + 1y, ) (xp — ) + Cy (x40 — 1)},
0=A_1.(x—q —p) +B_q.(xp — ) + C_q, (X431 — 1),
3) x1,>0fort>T.

given:

Assumption 3 yy > 0, where j/4 is the first element of .

Were it not for the max, this problem would be identical to Problem 1 (Linear), providing that
Assumption 3 holds, as the existence of a T € N such that x; ;, > 0 for ¢ > T is guaranteed by
the fact that xq ; — pt7 as £ — oo,

We will analyse Problem 2 (OBC) with the help of solutions to the auxiliary problem:

Problem 3 (News) Suppose that T € N, x, € R" and y, € RT is given. Find x, € R",y, €
RT for t € N* such that:
1) x; > u,y; = 0,ast - oo,
2) forallt € N*:
(A+B+COpu=Ax;_1+Bx; + Cxypy + L 1y1 41,
yre =0,
Vie{l,...,T=1}, Yiy = Viz1,4-1-

This is a version of Problem 1 (Linear) with a forcing process (“news”) up to horizon T added
to the first equation. We use this representation in which the forcing process enters via an
augmented state to make clear that this is also a special case of Problem 1 (Linear). By
construction, the value of y; ; gives the shock that in period ¢ is expected to arrive in i periods.
(To be clear: the first index of y; ; indexes over the elements of the vector v, € RT; the second
index of y; ; indexes over periods.) Hence, as there is no uncertainty, v, o gives the shock that
will hit in period t,i.e. Yy ;1 =Yoo =+ =Y;ofort <T,andy;; ; = 0fort > T. Thus,

the first equation of the first block could be rewritten:
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Xy =T+ Ay (g — ) + By, + 1) (g — ) + Co (X0 — 1) + Ve,

which is in the form of equation (4) from the main paper.
Appendix D.2: Relationships between the problems

Since ¥4 ;4 =0 for t > T, by Assumption 1, (xr,q —p) = F(xr — u). Now define
St4+1 := 0. Then with t = T, we have that (x;,q — ) = s;,1 + F(x; — ). Proceeding now by
backwards induction on ¢, note that:

0=A(x;_y —p) +B(x; — p) + CF(xy — ) + Cspyq + Layso,
sO:
(xp — ) = —=(B+ CF)"[A(x,q — ) + Cspq + L1940
= F(x_1 — #) = (B+ CF)™ (Csyy1 + L1¥10),

i.e., if we define: s, := —(B + CF)™'(Cs;1 + .11 o), then (x; — ) = s, + F(x,_y — ). By

induction then, this holds for all t € {1, ..., T}, establishing:?

Lemma 2 There is a unique solution to Problem 3 (News) that is linear in x, and y,.

For future reference, let xt(3’k) be the solution to Problem 3 (News) when xy = u, yo = I (i.e.

a vector which is all zeros apart from a 1 in position k). Then, by linearity, for arbitrary y, the

solution to Problem 3 (News) when x; = y is given by:

T
xp—p =) yeo(x? —p).

Now, let M € RT*T satisfy: !
My =x3F -,  Vtke{l,..,T}, (6)
i.e. M horizontally stacks the (column-vector) relative impulse responses of the first variable
to the news shocks, with the first column giving the response to a contemporaneous shock, the
second column giving the response to a shock anticipated by one period, and so on. Then, this
result implies that for arbitrary x and v, the path of the first variable in the solution to Problem

3 (News) is given by:
(x11:7)" = 9 + My, (7)

8 This representation of the solution to Problem 3 (News) was inspired by that of Anderson (2015).
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/
where g := (x{!) )" and where x{" is the unique solution to Problem 1 (Linear), for the given

X, i.e. g is the path of the first variable in the absence of news shocks or bounds.’ Since M is
not a function of either x; or y,, equation (7) gives a highly convenient representation of the
solution to Problem 3 (News).

Now let xiz) be a solution to Problem 2 (OBC) given some x. Since xfz) — past — oo,
there exists T" € N such that for all > T", xizt) > (0. We assume without loss of generality
that T" < T. We seek to relate the solution to Problem 2 (OBC) with the one to Problem 3

(News) for an appropriate choice of . First, for all t € N*, let:
6= —[Ip+ A (x2 — ) + (B, + 1) (5 = ) + Cp.(x3) — ) ],

= , (8)
L0 ifx? >0

ey :

i.e. ¢; is the shock that would need to hit the first equation for the positivity constraint on xizt)

to be enforced. Note that by the definition of Problem 2 (OBC), ¢, > 0 and xgzt) e; = 0, for all
te N*,
Now, from the definition of Problem 2 (OBC), we also have that for allt € N,

0= A(xg)1 —u) + B(xiz) —u) + C(xﬁ)1 —u) +1 e,

Furthermore, if t > T, then t > T’, and hence e, = 0. Hence, by Assumption 1, (x(TZJi1 - y)

F(x(Tz) — ). Thus, much as before, if we define 57, := 0, then with t = T, (xg)1 — )

Sip1 + P(xiz) — ],t). Consequently,
0=A(xZ —u) +B(x® — ) + CF(x® — u) + C§ 11 + 1 1e,,
R
(x® —pu) = F(x? — p) — (B+ CF)"1(C5;41 + L 16,),
i.e., if we define: §, := —(B + CF)"1(C§,1 + I 1e;), then (x\* — p) =5, + F(x\*, — ). As
before, by induction this must hold for all t € {1, ..., T}. By comparing the definitions of s,
and S;, and the laws of motion of x; under both problems, we then immediately have that if

(2)
0

Problem 3 (News) is started with xq = x5~ and y, = e].r, then xiz) solves Problem 3 (News).

Conversely, if xiz) solves Problem 3 (News) for some vy, then from the laws of motion of x;

° This representation was also exploited by Holden (2010) and Holden and Paetz (2012).
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under both problems it must be the case that S, = s, for all + € N, and hence from the
definitions of s, and §;, we have that y, = e].7.

This establishes the following result:

Lemma 3 For any solution, (T, xﬁz)) to Problem 2 (OBC):

1) With e;.7 as defined in equation (8), e;.7 = 0, xfl):T >0 and xfl):T oer.r =0, where o
denotes the Hadamard (entry-wise) product.

2) x(z) is also the unique solution to Problem 3 (News) with x;, = xéz) and yy = e}.7.

3) It x(z) solves Problem 3 (News) with x; = xéz) and with some ¥, then y, = e].r.

To use the easy solution to Problem 3 (News) to assist us in solving Problem 2 (OBC) just
requires one more result. In particular, we need to show that if y, € RT is such that Yo =0,
xfl oYy =0and x(3) > 0 for all t € N, where x( ) is the unique solution to Problem 3
(News) when started at x, i, then x( ) must also be a solution to Problem 2 (OBO).

So, suppose that v, € RT is such that Yo =0, xfl):T o y6 = (0 and xﬁ) >0forallt € N,

3

where x; ) is the unique solution to Problem 3 (News) when started at X0, Yo- We would like to

prove that in this case x( )

must also be a solution to Problem 2 (OBC). lL.e., we must prove that
forallt € N*:

x> =max{0,I; p+ Ay (x> —p) + By, + L) (x —p) +Cy . (x3 — 1)}, 9)

0= Ay, (2 =) + By, (57 = ) + Ca, (¥ — o).
By the definition of Problem 3 (News), the latter equation must hold with equality. Hence, we
just need to prove that equation (9) holds forall t € N*. So, let f € N*. Now, if x(3) > 0, then
Yo = 0, by the complementary slackness type condition (x1 1.7 Yo = 0). Thus, from the
definition of Problem 3 (News):
xft) =Lpu+Ap (xP =)+ By + 1) (x> — ) + Cp.(x3 — )
=max{0, Iy .+ Ay (x —p) + (B + I ) (x> — ) + C.(x3, — )},
as required. The only remaining case is that xﬁ) = 0 (since xﬁ) >0 for all t € N, by
assumption), which implies that:
xft) =0=Ay,(x—1 — ) + By, . (x = 1) + Cq,. (X431 — 1) + Y0
=L pu+A (g —p) + (B + 1) (xp — p) + Cp (X1 — 1) +Yro,

by the definition of Problem 3 (News). Thus:
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L p+ Ay (o —p) + (By, + 1) (0 — ) + Cq (X1 — 1) = Y10 < 0.
Consequently, equation (9) holds in this case too, completing the proof.
Together with Lemma 2, Lemma 3, and our representation of the solution of Problem 3

(News) from equation (7), this completes the proof of the following key theorem:

Theorem 1 (Restated) The following hold:

1) Let x§3) be the unique solution to Problem 3 (News) given T € N*, x; € R” and y, €
RT. Then (T,x{>) is a solution to Problem 2 (OBC) given x, if and only if y, > 0, y, ©
(g +Myy) =0,9 + My, > Oandxft) >O0forallt >T.

2) Let (T,x*) be any solution to Problem 2 (OBC) given x,. Then there exists a unique y, €
R such that y > 0,y o (9 + Myy) = 0, g + My, > 0, and such that x\*) is the unique

solution to Problem 3 (News) given T, xy and .

Appendix D.3: Generalizations

It is straightforward to generalise the results of this paper to less restrictive otherwise linear
models with occasionally binding constraints.

Firstly, if the constraint is on a variable other than x; ;, or in another equation than the first,
then all of the results go through as before, just by relabelling and rearranging. Furthermore, if
the constraint takes the form of z; , = max{z,,,z3,}, where z; ;, z,; and z3, are linear
expressions in the contemporaneous values, lags and leads of x;, then, assuming without loss
of generality that z; . >z, in steady state, we have that z; ; — 2z, ; = max{0,z3; — 25 ,}.
Hence, adding a new auxiliary variable x,, .1 ;, with the associated equation x,, 1 ; = 27 ; —
2, 4, and replacing the constrained equation with x,,,; , = max{0,z;; — z,;}, we have a new
equation in the form covered by our results. Moreover, if rather than a max we have a min, we
just use the fact that if z; , = min{z, ;, z5;}, then —z; , = max{—z, ;, —z3 ;}, which is covered
by the generalisation just established. The easiest encoding of the complementary slackness
conditions, z; > 0, A; > 0 and z;A; = 0, is 0 = min{z;, A;}, which is of this form.

To deal with multiple occasionally binding constraints, we use the representation from
Holden and Paetz (2012). Suppose there are c constrained variables in the model. For a €

{1, ...,c},let g'@ be the path of the a" constrained variable in the absence of all constraints. For
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a,be{1,...,c}, let M@ be the matrix whose k™ column is the impulse response of the a®
constrained variable to magnitude 1 news shocks at horizon k — 1 to the equation defining the
b™ constrained variable. For example, if ¢ = 1 so there is a single constraint, then we would
have that M) = M as defined in equation (6). Finally, let:
gV ML L Mo

. , M = . . ,

q:= : : :
q(C) M o pfleo)

and let y be a solution to the LCP (g, M). Then the vertically stacked paths of the constrained
variables in a solution which satisfies these constraints is given by g + My, and Theorem 1

(Restated) goes through as before.

Appendix E: Example applications to New Keynesian models

In the first subsection here, we examine the simple Brendon, Paustian & Yates (BPY)
(2013) model, before going on to consider a variant of it with price targeting, which we show
to produce determinacy. In the BPY (2013) model, multiplicity and non-existence stem from a
response to growth rates in the Taylor rule. However, we do not want to give the impression
that multiplicity and non-existence are only caused by such a response, or that they are only a
problem in carefully constructed theoretical examples. Thus, in Appendix E.2, we show that a
standard NK model with positive steady state inflation and a ZLB possesses multiple equilibria
in some states, and no solutions in others, even with an entirely standard Taylor rule. We also
show that here too price level targeting is sufficient to restore determinacy. The next subsection
shows that these conclusions also carry through to the posterior-modes of the Smets & Wouters
(2003; 2007) models, and discusses the plausibility of self-fulfilling jumps to the ZLB. Finally,
in Appendix E.4 we look at whether a simple model is determinate around the deflationary

steady state.

Appendix E.1: Variants of the Brendon, Paustian & Yates (BPY) (2013) model
Brendon, Paustian & Yates (2013; 2019), is one of the most relevant pieces of prior work

for the current paper. Like us, these authors examined perfect foresight equilibria of NK models

with terminal conditions. In BPY (2013), the authors show analytically that in a very simple

NK model, featuring a response to the growth rate in the Taylor rule, there are multiple perfect-
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foresight equilibria when all agents believe that with probability one, in one period’s time, they
will escape the bound and return to the neighbourhood of the “good” steady state. Furthermore,
the authors show numerically that in some select other models, there are multiple perfect-
foresight equilibria when the economy begins at the steady state, and all agents believe that the
economy will jump to the bound, remain there for some number of periods, before leaving it
endogenously, after which they believe they will never hit the bound again. BPY (2019) extends
these results to fully non-linear rational expectations equilibria in certain simple NK models.

Relative to these authors, we focus more on providing general theoretical results, which
permit numerical analysis (for the otherwise linear, perfect foresight case) that is both more
robust and less restrictive. This robustness and generality is crucial in showing multiplicity even
in simple NK models, with entirely standard Taylor rules. For example, whereas in an
intermediary working paper BPY (2016) write that price-dispersion “does not have a strong
enough impact on equilibrium allocations for the sort of propagation that we need”, we show
that the presence of price dispersion is sufficient for multiplicity. Our general results are also
crucial for allowing us to show uniqueness under a price level target.
The simple Brendon, Paustian & Yates (BPY) (2013) model

Brendon, Paustian & Yates (2013), provide a simple New Keynesian model that we can use
to illustrate the possibility for multiplicity in NK models. Its equations follow:!°

X = max{0,1 — B+ an, (X, — X, ;1) + ArX ),
Xy = EXy 101 — % (i +B—1—=Exy41),
Xt = BEX i1 + 7YXy 1

where x; ; is the nominal interest rate, x, , is the output gap, x, , is inflation, and € (0,1),
VT, 0y € (0,00), a, € (1,00) are parameters. The model’s only departure from the
textbook three equation NK model is the presence of an output growth rate term in the Taylor
rule. This introduces an endogenous state variable in a tractable manner. In Appendix H.8,

below, we prove the following:

10 An implementation of  this model is contained within DynareOBC in the file

“Examples/BrendonPaustian Yates2013/BPYModel.mod”.
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Proposition 12 The BPY model is in the form of Problem 2 (OBC), and satisfies Assumptions
1,2and3. WithT =1, M <0 (M = 0) if and only if ay, > oa, (ap, = oay).

Hence, by Theorem 1 (Restated) , when all agents believe the bound will be escaped after at
most one period, if Apny < Oy, the model has a unique solution for all g, i.e. no matter what
the nominal interest rate would be that period were no ZLB. If a5, = 0, then the model has
a unique solution whenever g > 0, infinitely many solutions when g = 0, and no solutions
leaving the ZLB after one period when g < 0. Finally, if a5, > oa,; then the model has two
solutions when g > 0, one solution when g = 0 and no solution escaping the ZLB next period
when g < 0.

The mechanism here is as follows. The stronger the response to the growth rate, the more
persistent is output, as the monetary rule implies additional stimulus if output was high last
period. Suppose then that there was an unexpected positive shock to nominal interest rates.
Then, due to the persistence, this would lower not just output and inflation today, but also output
and inflation next period. With low expected inflation, real interest rates are high, giving
consumers an additional reason to save, and thus further lowering output and inflation this
period and next. With sufficiently high a,,, this additional amplification is so strong that
nominal interest rates fall this period, despite the positive shock, explaining why M may be
negative.!' Now, consider varying the magnitude of the original shock. For a sufficiently large
shock, interest rates would hit zero. At this point, there is no observable evidence that a shock
has arrived at all, since the ZLLB implies that given the values of output and inflation, nominal
interest rates should be zero even without a shock. Such a jump to the ZLB must then be a self-
fulfilling prophecy. Agents expect low inflation, so they save, which, thanks to the monetary

rule, implies low output tomorrow, rationalising the expectations of low inflation.

11 Note that this cannot happen in the canonical 3 equation NK model in which the central bank responds to the output gap, not
output growth. For, without state variables, in the period after the shock’s arrival, inflation will be at steady state. Thus, in the
period of the shock, real interest rates move one for one with nominal interest rates. Were the positive shock to the nominal
interest rate to produce a fall in its level, then the Euler equation would imply high consumption today, also implying high
inflation today via the Phillips curve. But, with consumption, inflation, and the shock all positive, the nominal interest rate

must be above steady state, contradicting our assumption that it had fallen.

Online Appendix: Page 26 of 97



5 x107 Tyt 0 Tyt
0.2
0 0.4 ‘ |
5 10 15 20 > 0 120
2 %107 Trt 0 Lt
\ -0.05
1 ‘ 0.1
0 5 10 E 20 5 10 15 20
0.02 i ‘ 0.02 -
0.015 0.01 +
O .
0.01 5 10 B 20 5 10 15 20
Minimum [iy].. solution Minimum |q + My||, solution

Figure 2: Alternative solutions following a magnitude 1 impulse to &, in the BPY model.

The dashed line in the right plot repeats the left plot, for comparison.

We finish this subsection with an example of multiplicity in the BPY (2013) model. This
serves to illustrate the potential economic consequences of multiplicity in NK models. We
present impulse responses to a shock to the Euler equation under two different solutions. With

the shock added to the Euler equation, it now takes the form:
1
Xy = EpXy e = - (i + B —1—=Ex,; 41 — (0.01)gy).

The other two equations of the BPY model equations remain as they were given above. We take

_ (1-0.85)(1-p(0.85))

the parameterisation c = 1, § = 0.99, v = G (2 + o), following BPY, and we

additionally set #, = 1.5 and a5, = 1.6, to ensure we are in the region with multiple solutions.
In Figure 2, we show two alternative solutions to the impulse response to a magnitude 1 shock
to &;. The solid line in the left plot gives the solution which minimises ||y||... This solution never
hits the bound, and is moderately expansionary. The solid line in the right plot gives the solution
which minimises ||§ + My||... (The dashed line there repeats the left plot, for comparison.) This
solution stays at the bound for two periods, and is strongly contractionary, with a magnitude

around 100 times larger than the other solution.'?

12 The plots in Figure 2 may be generated by navigating to the “Examples/BrendonPaustianYates2013” folder within

DynareOBC, and then running “GeneratePlots”.

Online Appendix: Page 27 of 97



The BPY model with shadow interest rate persistence

We showed that if a5, > oa, in the BPY (2013) model, then with T =1, M < 0. When
T > 1, this implies that M is neither Py, general positive semi-definite, semi-monotone, co-
positive, nor sufficient, since the top-left 1 x 1 principal sub-matrix of M is the same as when
T = 1. Thus, if anything, when T > 1, the parameter region in which there are multiple
solutions (when away from the bound or at it) is larger. However, numerical experiments
suggest that this parameter region in fact remains the same as T increases, which is
unsurprising given the weak persistence of this model. Thus, if we want more interesting results
with higher T', we need to consider a model with a stronger persistence mechanism.

One obvious possibility is to consider models with either persistence in the interest rate, or
persistence in the “shadow” rate that would hold were it not for the ZLB. Following BPY
(2013), we introduce persistence in the shadow interest rate by replacing the previous Taylor
rule with x; ; = max{0, x,; ,}, where x ;, the shadow nominal interest rate is given by:"’

Xgp = (L= 0) (1= B +any Xy — Xy so1) + AnXry) + 0Xg 41
It is easy to verify that this may be put in the form of Problem 2 (OBC), and that with 8 &
0,1), 7, 0,0y, € (0,00), a, € (1,00), p € (—=1,1), Assumption 2 is satisfied. For our

_ (1-0.85)(1-p(0.85))

numerical exercise, we again set c =1, =099, v = 085 2+4+0),p=0.5,

following BPY. In Figure 3, we plot the regions in (ocAy, an) space in which M is a P-matrix
(Po-matrix) when T = 2 or T = 4. In the smaller T case, the P-matrix region is much larger.
This relationship appears to continue to hold for both larger and smaller T, with the equivalent
T =1 plot being almost entirely shaded, and the large T plot tending to the equivalent plot
from the model without monetary policy persistence. Intuitively, the persistence in the shadow
nominal interest rate dampens the immediate response of nominal interest rates to inflation and
output growth, making it harder to induce a ZLB episode over short-horizons.

Further evidence that the long-horizon behaviour is the same as in the model without

persistence is provided by the fact that with T = 20, a,; = 1.5 and &y, = 1.05,"* M is a P-

13 An implementation of this model is contained within DynareOBC in the file:
“Examples/BrendonPaustian Yates2013/BPYModelPersistent.mod”.

14 Results for larger « Ay Were impossible due to numerical errors.
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matrix. Moreover, from Proposition 2 with T = 50, we have that ¢ > 6.385 x 1078, so the
model always has a feasible path, in the sense of Definition 6 (Feasibility), by Corollary 4.'°
On the other hand, with T = 200, «,, = 1.5 and Apy = 1.51, then M is not an S-matrix,'¢
meaning that for all sufficiently large T', M is not a P-matrix, so there are sometimes multiple
solutions. Additionally, from Proposition 2 with T = 200, ¢ < 0 + numerical error, meaning

that it is likely that the model does not have a solution for all possible paths of x; ;."”

4 4
IN R
x ]

(=]
%]

/

0 l 2 3 0 1 2 3
XAy Xy

Figure 3: Regions in which M is a P-matrix (shaded grey) or a Po-matrix (shaded grey, plus the black line), when T' =
2 (left) or T = 4 (right).!8

The BPY model with price level targeting

We may also introduce persistence in shadow interest rates by setting:

X0 =1 —-p)A=p)+ (D‘Ay(xy,t - xy,t—l) + A y) + 0Xg 1,

5 This result is one of those produced by the “GenerateDeterminacyResults” script within the
“Examples/BrendonPaustian Yates2013” folder of DynareOBC.

16 This was verified a second way by checking that —M’ was an S¢-matrix, as discussed in Footnote 4.

17 These results are also among those produced by the “GenerateDeterminacyResults” script within the
“Examples/BrendonPaustian Yates2013” folder of DynareOBC.

18 Code to generate this plot is contained within the Maple worksheet:

“Examples/BrendonPaustianYates2013/AnalyticResults.mw”.
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where x; ; = max{0, x; ;}. If the second bracketed term was multiplied by (1 — p), then this
would be entirely standard, however as written here, in the limit as o — 1, this tends to:
Xgp=1—-p+ ApnyXy p + XX

where x,, ; is the price level, so x, , = x Xp, ;1. This is a level targeting rule, with nominal

pit
GDP targeting as a special case with @y, =&, . Note that the omission of the (1-p)
coeflicient on a5, and & is akin to having a “true” response to output growth of % and a
“true” response to inflation of f‘T”p, so in the limit as p — 1, we effectively have an infinitely
strong response to these quantities. It turns out that this is sufficient to produce determinacy for
all Hpny, Xr € (0, ).

In particular, given the model:"

X = max{0,1 — B+ an,x,; + aX,},
1
Xy = EpXy 01— - (xip+B -1~ Epxp i1 + xp,t)/

Xpt = Xpt-1 = :B]Etxp,t+1 - :Bxp,t + Xyt

we prove in Appendix H.9, below, that the following proposition holds:

Proposition 13 The BPY model with price targeting is in the form of Problem 2 (OBC), and

satisfies Assumptions 1,2 and 3. With T =1, M > O for all «,, € (0, ), Apy € [0, c0).

(1-0.85)(1-5(0.85))

Furthermore, witho =1, 8 =099, v = 08s (2 4+ o), as before, and Apy =

1, &, = 1, if we check our lower bound on ¢ with T = 20, we find that ¢ > 0.042. Hence, this
model always has a feasible path, in the sense of Definition 6 (Feasibility). Given that d, > 0
for this model, and that for T = 1000, M is a P-matrix by our sufficient conditions from
Corollary 7, this is strongly suggestive of the existence of a unique solution for any g and for

arbitrarily large T.%°

¥ An implementation of  this model is contained within DynareOBC in the file
“Examples/BrendonPaustian Yates2013/BPYModelPriceLevel Targeting.mod”.
20 These results are also among those produced by the “GenerateDeterminacyResults” script within the

“Examples/BrendonPaustian Yates2013” folder of DynareOBC.
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Appendix E.2: The linearized Fernandez-Villaverde et al. (2015) model

The discussion of the BPY (2013) model might lead one to believe that multiplicity and
non-existence is solely a consequence of overly aggressive monetary responses to output
growth, and overly weak monetary responses to inflation. However, it turns out that basic NK
models without indexation to a positive steady-state inflation rate by non-optimising firms (and
hence price dispersion in the steady state), still imply multiple equilibria in some states of the
world (i.e. for some ¢) and no solutions in others, even with extremely aggressive monetary
responses to inflation and without any monetary response to output growth. Price level targeting
again fixes these problems though.

We show these results in the Fernandez-Villaverde et al. (2015) model, which is a basic
non-linear New Keynesian model without capital or price indexation of non-resetting firms, but
featuring (non-valued) government spending and steady-state inflation (and hence price-

dispersion).?! The model’s equilibrium conditions follow:

1 Bii1
= =RE [—] (*)
Cy e I141Cn
¢L?Ct = Wt
SXli’ = (e — 1)X2t
Y, W,
X = Ct A + OBy a1, Xq 111 (*)
Y Hs—l
X =H*< + 0E, B, ==X ) ()
2t t C, tPt+1 I, 2,t+1

log R; = max {0 log R + (,bnlog( ) + ¢ylog< ) +0 smt}
Gt = Sth
1=0IE"1 4+ (1-0)I'
Uf = gnfl/t_l + (1 — G)H?_S (*)

A
Ct+Gt:Yt__tLt

log By = (1 —pg) log B+ pglog Bi_1 + opep,
log Ay = (1-pa)logA+pslogA, 1+ 0sa,

2 An implementation of  this model is contained within DynareOBC in the file

“Examples/FernandezVillaverdeEtA12015/NK.mod”.
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logS; = (1 —ps)log S+ pslogS; 1 + oses s

Welfare in the model in period ¢ is given by:

E, i lﬁ 18t+s] [108 Crys — HLﬂLtHﬂ]'

s=0 Lk=0
After substitutions, the model can be reduced to just the four non-linear equations marked

with (*) above (plus the three shock laws of motion) which are functions of gross inflation, I,
labour supply, L;, price dispersion, v;, and an auxiliary variable introduced from the firms’
price-setting first order condition, X; ;, (plus the shocks). Of these variables, only price
dispersion enters with a lag. We linearize the model around its steady state, and then reintroduce
the “max” operator which linearization removed from the Taylor rule.”> All parameters are set
to the values given in Ferndndez-Villaverde et al. (2015). There is no response to output growth
in the Taylor rule, so any multiplicity cannot be a consequence of the mechanism highlighted
by BPY (2013).

For this model, numerical calculations reveal that with T < 14, M is a P-matrix. However,
with T > 15, M is not a P matrix, and thus there are certainly some states of the world (some
q) in which the model has multiple solutions. Furthermore, with T = 1000, our upper bound
on ¢ from Proposition 2 implies that ¢ < 0 + numerical error, suggesting that the model does
not have a solution for all possible paths of interest rates.*

To make the mechanism behind these results clear, we will compare the Ferndndez-
Villaverde et al. (2015) model to an altered version of it with full indexation to steady-state
inflation of prices that are not set optimally. To a first order approximation, the model with full
indexation never has any price dispersion, and thus has no endogenous state variables. It is thus
a purely forwards looking model, and so it is perhaps unsurprising that it should have a unique

equilibrium given a terminal condition, even in the presence of the ZLB.

22 Before linearization, we transform the model’s variables so that the transformed variables take values on the entire real line.
Le., we work with the logarithms of labour supply, price dispersion and the auxiliary variable. For inflation, we note that
inflation is always less than Gﬁ. Thus, we work with a logit transformation of inflation over Hﬁ.

2 These results are among those that may be generated by running “GenerateDeterminacyResults” within the

“Examples/FernandezVillaverdeEtAl12015” directory of DynareOBC.
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Figure 4: Impulse responses to a shock announced in period 1, but hitting in period 30, in basic New Keynesian
models with (left 4 panels) and without (right 4 panels) indexation to steady-state inflation.
All variables are in logarithms. In both cases, the model and parameters are taken from Ferndndez-Villaverde et al. (2015),

the only change being the addition of complete price indexation to steady-state inflation for non-updating firms in the left

hand plots.
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Figure S: Difference between the IRFs of nominal interest rates from the two models shown in Figure 4.

Negative values imply that nominal interest rates are lower in the model without indexation.

In Figure 4 we plot the impulse responses of first order approximations to both models to
a shock to nominal interest rates that is announced in period one but that does not hit until

period thirty.* For both models, the shape is similar, however, in the model without indexation,

24 This figure and the following ones in this subsection may be generated by running “GeneratePlots” within the

“Examples/FernandezVillaverdeEtAl12015” directory of DynareOBC.
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the presence of price dispersion reduces inflation both before and after the shock hits. This is
because the predicted fall in inflation compresses the price distribution, reducing dispersion,
and thus reducing the number of firms making large adjustments. The fall in price dispersion
also increases output, due to lower efficiency losses from miss-pricing. However, the effect on
interest rates is dominated by the negative inflation effect, as the Taylor-rule coefficient on
output cannot be too high if there is to be determinacy.” For reference, the difference between
the IRFs of nominal interest rates in each model is plotted in Figure 5, making clear that interest
rates are on average lower following the shock in the model without indexation.

Remarkably, this small difference in the impulse responses between models is enough that
the linearized model without indexation has multiple equilibria given a ZLB, but the linearized
model with full indexation is determinate. This illustrates just how fragile is the uniqueness in
the linearized purely forward-looking model. Informally, what is needed for multiplicity is that
the impulse responses to positive news shocks to interest rates are sufficiently negative for a
sufficiently high amount of time that a linear combination of them could be negative in every
period in which a shock arrives. Here, price dispersion is providing the required additional
reduction to nominal interest rates following a news shock.

We illustrate how multiplicity emerges in the model without indexation by showing, in
Figure 6, the construction of an additional equilibrium which jumps to the ZLB for seventeen
quarters.” If the economy is to be at the bound for seventeen quarters, then for those seventeen
quarters, the nominal interest rate must be higher than it would be according to the Taylor rule,
meaning that we need to consider seventeen endogenous news shocks, at horizons from zero to
sixteen quarters into the future. The impulse responses to unit shocks of this kind are shown in
the leftmost plot. Each impulse response has broadly the same shape as the one shown for

nominal interest rates in the right of Figure 4. The central figure plots the same impulse

% One might think the situation would be different if the response to output was high enough that the rise in output after the
shock produced a rise in interest rates. However, as observed by Ascari and Ropele (2009), the determinacy region is smaller
in the presence of price dispersion than would be suggested by the Taylor criterion. Numerical experiments suggest that in all
the determinate region, interest rates are below steady state following the shock.

26 Seventeen quarters was the minimum span for which an equilibrium of this form could be found.
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responses again, but now each line is scaled by a constant so that their sum gives the line shown
in black in the rightmost plot. In this rightmost plot, the red line gives the ZLB’s location,
relative to steady state, thus the combined impulse response spends seventeen quarters at the
Z1B before returning to steady state. Since there are only “news shocks” in the periods in which
the economy is at the ZLB, this gives a perfect foresight rational expectations equilibrium which

makes a self-fulfilling jump to the ZLB.

08 News IRFs 10 Scaled news IRFs 0 Sum of scaled news IRFs
0.6 8" -0.002 ¢
0.4 61 ‘ﬁ‘ -0.004 |
4|l
0.2 \ -0.006
2 |
I| /\
0 — ol LA D0ee -0.008
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Figure 6: Construction of multiple equilibria in the Fernandez-Villaverde et al. (2015) model.
The left plot shows the IRFs to news shocks arriving zero to sixteen quarters after becoming known.
The middle plot shows the same IRFs scaled appropriately.
The right plot shows the sum of the scaled IRFs shown in the central figure, where the red line gives the ZLB’s location,

relative to steady state.

Figure 7 illustrates the potential consequences of this multiplicity.?’ It shows two solutions
following a 10 standard deviation demand shock (i.e. a positive shock to ;). For purely
illustrative purposes, we also include a consumption equivalent measure of welfare. This is the

quantity Z, which solves:
E ) ln lBt+s] [1055 Crys — H%Ltlﬂg]
s=0 Lk=0 - s l/J
E, Z ln ;Bt+s] [log(éHsZt) - 1_'_—191;%1_“9]1

s=0 Lk=0

where C; and L, are the values consumption and labour supply would take were prices flexible.
Z, will be less than one in steady-state due to the distortion of price-dispersion. However, these
welfare calculations come with two caveats. Firstly, all our calculations here are under perfect

foresight, so our welfare measure is not capturing any of the effects of uncertainty. Secondly,

27 This figure, like the previous ones in this subsection, may be generated by running “GeneratePlots” within the

“Examples/FernandezVillaverdeEtAl12015” directory of DynareOBC.
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our welfare measure is based on an underlying first order approximation, which is likely to be

unreliable given such big shocks. To mitigate this, we calculate welfare and other variables in

a way which introduces no further error beyond the approximation error coming from the four

endogenous variables, inflation, labour supply, price dispersion and the firms’ auxiliary

variable. Thus, all equations except the four marked with (*) will hold exactly, e.g. it will

A : . . .
always be true that C, + G, = Y, = V—:Lt ensuring that consumption levels are feasible given

labour supply and price dispersion. Despite this, approximation error is likely to be substantial.

With these caveats in mind, we see that while welfare actually improves in the “fundamental”

solution (due to the reduction in price dispersion), in the second solution consumption

equivalent welfare falls by about 12%.
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Figure 7: A “good” solution (left 6 panels) and a “bad’ solution (right 6 panels), following a 10 standard deviation

demand shock in the Fernandez-Villaverde et al. (2015) model.

All variables are in levels. The calculation of the welfare consumption equivalent is detailed in the text.

The situation is quite different under price level targeting. In particular, if we replace

inflation in the monetary rule with the price level relative to its linear trend, which evolves

according to:

I1
log P, =logP,_; + log (ﬁ) ,
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then with T = 200, the lower bound from Proposition 2 implies that ¢ > 0.003, and hence that
the model is always feasible, in the sense of Definition 6 (Feasibility). Furthermore, even with
T = 1000, M is a P-matrix by our sufficient conditions from Corollary 7.2 This is strongly
suggestive of uniqueness even for arbitrarily large T, given the reasonably short-lived dynamics

of the model.

Appendix E.3: The Smets & Wouters (2003; 2007) models, and the Adjemian,
Darracq Paries & Moyen (2007) model

Smets & Wouters (2003) and Smets & Wouters (2007) are prototypical medium-scale
linear DSGE models, featuring assorted shocks, habits, price and wage indexation, capital (with
adjustment costs and variable utilisation) and general monetary policy reaction functions. The
former model is estimated on Euro area data, while the latter is estimated on US data. The latter
model also contains trend growth (permitting its estimation on non-detrended data), and a
slightly more general aggregator across industries. However, they are broadly similar models,
and any differences in their behaviour chiefly stems from differences in the estimated
parameters. Since both models are well known in the literature, we omit their equations here,
referring the reader to the original papers for further details.

To assess the likelihood of multiple equilibria in the presence of the ZLB, we augment each
model with a ZLLB on nominal interest rates, and evaluate the properties of each model’s M
matrix at the estimated posterior-modes from the original papers. To minimise the deviation
from the original papers, we do not introduce an auxiliary variable for shadow nominal interest
rates, so the monetary rules take the form of i, = max{0, p;i;_; + (1 — p;)(-=-) + --- }, in both
cases. Our results would be similar with a shadow nominal interest rate.

Recall that for ZLLB models, the diagonal of the M matrix captures whether positive news
shocks to monetary policy raise nominal interest rates in the period in which the shock hits. If
this diagonal ever goes negative, then the M matrix cannot be a P-matrix, and hence the model

will have multiple solutions in at least some states. In Figure 1, we plot the diagonal of the M

2 These results are among those that may be generated by running “GenerateDeterminacyResults” within the
“Examples/FernandezVillaverdeEtAl12015” directory of DynareOBC.

2 Details on replicating all of the results in this subsection are given below.
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matrix for the two models. We see that while in the US model, these impacts remain positive
at all horizons, in the Euro area model, these impacts turn negative after just a few periods, and
remain so at least up to period 40. Therefore, in the ZLB augmented Smets & Wouters (2003)

model, there is not always a unique equilibrium.

Figure 8: The diagonals of the M matrices for the Smets & Wouters (2003; 2007) models

0.8 The Smets & Wouters (2003) model 0.8 The Smets & Wouters (2007) model
0.6 0.6
0.4 ] 04"
0.2+ ] 02"
0 0
0.2 \\// 0.2
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The horizontal axis gives the index into the M matrix, t. The vertical axis gives the value of M, ;.

For the Smets & Wouters (2007) model, numerical calculations reveal that for T < 9, M
is a P-matrix. However, with T > 9, the top-left 9 x 9 sub-matrix of M has negative
determinant, so for T > 9, M is not a P-matrix.** Thus, this model also has multiple equilibria.
While placing a larger coefficient on inflation in the Taylor rule can make the Euro area picture
more like the US one, with a positive diagonal to the M matrix, even with incredibly large
coeflicients, M remains a non-P-matrix for both models. This is driven by the real and nominal
rigidities in the model reducing the average value of the impulse response to a positive news
shock to the monetary rule. Following such a shock’s arrival, the rigidities help ensure that the
fall in output is persistent. Prior to its arrival, consumption habits and capital/investment
adjustment costs help produce a larger anticipatory recession. Hence, in both the Euro area and
the US, we ought to take seriously the possibility that the existence of the ZLB produces non-
uniqueness. Below we given an example of multiplicity in the Smets & Wouters (2003) model,
and discusses the economic relevance of such multiplicity.

In addition, it turns out that for neither model is M an S-matrix even with T = 1000, and
thus for both models there are some initial states (possibly augmented with monetary policy

news shocks) for which no solution exists which escapes the bound after at most 250 years.

30 The value of T at which the model switches from M being a P-matrix to M not being a P-matrix is parameter dependent. It

reflects the strength of the model’s endogenous persistence.
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This is strongly suggestive of non-existence for some initial states even for arbitrarily large T.
This is reinforced by the fact that for the Smets & Wouters (2007) model, with T = 1000,
Proposition 2 gives that ¢ < 0 + numerical error (with ¢ as defined in Subsection 4.4), which
is suggestive of non-existence even for infinite T'.

With a response to the price level, the situation is very different. Suppose that in both
models we replace the monetary rule by a simple rule responding to the price level and output

growth, so it becomes:

Y
i, = max {O,Piit—l + (1 —p;)log (ptY t >}’

t—1

where p; is as in the original model, Y, is real GDP and where the price level P, evolves
according to log P, = log P;_; + 10g<%) . Then, with T =1000, for either model the
sufficient conditions we introduce in Appendix C.1 imply that M is a P-matrix. Hence, the
models have a unique solution conditional on escaping after at most 250 years. Additionally,
we have that ¢ > 0.036 for the Euro area model with this monetary rule, and that ¢ > 0.009 for
the US one (with ¢ as defined in Subsection 4.4). Hence, Corollary 4 implies that the model
always has a feasible path. This is a necessary condition for existence of a solution for any
initial state. As one would expect, these results are also robust to departures from equal, unit,
coefficients on prices and output growth. Thus, price level targeting again appears to be
sufficient for determinacy in the presence of the ZLB.

The intuition again comes down to the sign of the response to monetary policy (news)
shocks. With the price level in the Taylor rule, the reduction in prices brought about by a
positive monetary policy (news) shock must be followed eventually by a counter-balancing
increase. But if inflation is higher in future, then real rates are lower today, meaning that
consumption, output, inflation and nominal rates will all be relatively higher today. This ensures
that positive monetary policy (news) shocks have sufficiently positive effects on nominal rates
to prevent self-fulfilling jumps to the bound. Thus, in the presence of the ZLB, a positive
response to the price level is the equivalent of the Taylor principle.

The plots above and the related results from the main paper may be generated by running

“GeneratePlots” within both the “Examples/SmetsWouters2003” and
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“Examples/SmetsWouters2007” directories of DynareOBC. The determinacy results may be
generated by running:
“GenerateDeterminacyResults”
within both the:
“Examples/SmetsWouters2003” and “Examples/SmetsWouters2007”

directories of DynareOBC.
Plausibility of multiplicity at the ZLLB

We need to answer two key questions to establish the economic relevance of self-fulfilling
spells at the ZLB. Firstly, is the coordination of beliefs needed to sustain the equilibrium
plausible? Secondly, do such equilibria feature reasonable movements in macroeconomic
variables? It is true that self-fulfilling jumps to the ZLB may feature implausibly large falls in
output and inflation. This is closely related to the so-called “forward guidance puzzle”
(Carlstrom, Fuerst & Paustian 2015; Del Negro, Giannoni & Patterson 2015).3! However, if
interest rates are already low (due to a recession), then a much smaller self-fulfilling “news”
shock is needed to produce a jump to the ZLB. Thus, there will be a much more moderate drop
in output and inflation. Furthermore, with interest rates low, it takes a smaller movement in
confidence for people to expect to hit the ZLLB. Even more plausibly, if the economy is already
at the ZLB, then small changes in confidence could easily select an equilibrium featuring a
longer spell there than in the equilibrium that leaves fastest. Indeed, there is no good reason

people should coordinate on the equilibrium with the shortest time at the ZLB.

31 McKay, Nakamura & Steinsson (2017) point out that these implausibly large responses to news are muted in models with
heterogeneous agents, and give a simple “discounted Euler” approximation that produces similar results to a full heterogeneous
agent model. While including a discounted Euler equation makes it harder to generate multiplicity (e.g. reducing the parameter
space with multiplicity in the Brendon, Paustian & Yates (2013) model), when there is multiplicity, the resulting responses are
much larger, as the weaker response to news means the required endogenous “news” needs to be much greater in order to drive

the model to the bound.
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Figure 9: Two solutions following a preference shock in the Smets & Wouters (2003) model.
All variables are in logarithms. Inflation and nominal interest rates are annualized.
The dashed line is a solution which does not hit the bound.

The solid line is an alternative solution which does hit the bound.

As an illustration, in Figure 9 we plot the impulse response to a large magnitude preference
shock (scaling felicity), in the Smets & Wouters (2003) model.*> The shock is not quite large
enough to send the economy to the ZLLB* in the standard solution, shown with a dashed line.
However, there is an alternative solution in which the economy jumps to the bound one period
after the initial shock, remaining there for three periods. (This is the solution featuring the
shortest possible positive time at the ZLLB.) While the alternative solution features larger drops
in output and inflation, the falls are not much larger than the magnitude of the crisis, with
Eurozone GDP and consumption falling about 20% below a pre-crisis log-linear trend, and the

largest drop in annualized Eurozone consumption inflation from 2008q3 to 2008g4 being

32 The shock is 22.5 standard deviations. While this is implausibly large, the economy could be driven to the bound with a run
of smaller shocks. It is also worth recalling that the model was estimated on the great moderation period, so the estimated
standard deviations may be too low, and the real interest rate too high. Finally, recent evidence (Cirdia, Del Negro & Greenwald
2014) suggests that the shocks in DSGE models should be fat tailed, making large shocks more likely.

33 Since the Smets & Wouters (2003) model does not include trend growth, it is impossible to produce a steady state value for
nominal interest rates that is consistent with both the model and the data. We choose to follow the data, setting the steady state
of nominal interest rates to its mean level over the same sample period used by Smets & Wouters (2003), using data from the

same source (Fagan, Henry & Mestre 2005).
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around 4.4%.** Of course, we would not want to push this as the sole explanation for the depth
of the great recession in the Eurozone, but it is possible that multiplicity of equilibria may have
played a role.
The Adjemian, Darracq Paries & Moyen (2007) model

We can get a sense of the potential welfare benefits of a switch to price level targeting by
comparing equilibria with and without a response to the price level in a closely related model,
that of Adjemian, Darracq Pari¢s & Moyen (2007).* This is essentially a re-estimated version
of the Smets & Wouters (2003) model.*® It is convenient for our purposes though because
whereas the original Smets & Wouters (2003) model was hand-linearized, with some ad hoc
changes made only to the linearized equations, the Adjemian, Darracq Paries & Moyen (2007)
model is presented in its fully non-linear form, and welfare measures are derived. The measure
of consumption equivalent welfare we use here is much as before. It is the amount of extra
consumption services flow you would have to give to an inhabitant of the flexible price version
of the model to make them indifferent between their economy and that of the model.*” Unlike
in the Ferndndez-Villaverde et al. (2015) model though, here it is assumed that non-updating
prices are indexed to a combination of lagged inflation, and the steady-state level of inflation.
Thus, there is no price-dispersion in steady-state, so steady-state welfare equals that of the

flexible price economy.

3 Data was again from the area-wide model database (Fagan, Henry & Mestre 2005).

3 An implementation of  this model is contained within DynareOBC in the file
“Examples/AdjemianDarracqPariesMoyen2007/SWNLWCD.mod”.

% The only significant difference is that habits are internal, not external.

37 Habits slightly complicate this. Following Adjemian, Darracq Pariés & Moyen (2007), we assume that it is the habit adjusted
consumption flow that is adjusted in the flexible price economy to derive the consumption equivalent welfare. Le.
(Ciys — hCy,s_1) in the utility function is replaced with (C,,, — hC; ,_1)Z,, where Z, captures the consumption equivalent

welfare.
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Figure 10: Two solutions following a preference shock in the Adjemian, Darracq Paries & Moyen (2007) model,
without (left 6 panels) and with (right 6 panels) a response to the price level.
All variables are in logarithms. The calculation of the welfare consumption equivalent is detailed in the text.
The dashed line is a solution which does not hit the bound.
The solid line is an alternative solution which does hit the bound in the absence of price level targeting.

The two solutions are identical with a response to the price level.

Our impulse response exercise in Figure 10 follows that of Figure 9 above,* and without a
response to the price level, the responses of other variables are qualitatively very similar to
those in that figure.* However, suppose we add a response to the price level to the monetary
rule, so it becomes:

i, = max{0, p;i;_1 + (1 — p;) log(P;) + other terms from the original model},
where p; is as in the original model, and where the price level P; again evolves per equation

(10). Then the second solution no longer exists, so the welfare outcome is much improved (a

3 This figure may be generated by running “RunExample” within the “Examples/AdjemianDarracqPariesMoyen2007”
directory of DynareOBC.
% In this case, we need a slightly larger shock for a comparable exercise. It is now 24.5 standard deviations rather than 22.5

standard deviations used in Figure 9.
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0.6% drop rather than a 5% drop). As in the Fernandez-Villaverde et al. (2015) example

though, this is again subject to the same caveats on accuracy.*

Appendix E.4: The deflationary steady state

We now analyse a version of the model of Subsection 2.1 and 2.5 from the paper in which
agents expect the economy to return to the deflationary steady state. We allow for the possibility
of a response to a geometrically weighted average of inflation, p;. The model’s equations are:

e + g = 1, = max{0, 7, + ¢71, + X}
pr=PPr1+ 7
As p — 1 this approaches a model with a price level target. Working with this average inflation
targeting version ensures that all variables have a finite steady state, even when i = 0 in steady
state.

We define s, :=r; + ¢71; + xP;, and 7, := max{—s;,0}, so i, =s; +7,. Note that 7, is
positive in the deflationary steady state, so this transformed OBC does not bind in the
deflationary steady state. In the vicinity of the deflationary steady state, the model is
indeterminate. The approach of Farmer, Khramov & Nicolo (2015) suggests introducing the
new equation 71, = e;_q + 1];, where the new variable ¢, = [E,7t,,, gives inflation expectations
and where 77, is a “sunspot” shock (since anticipated sunspot shocks make little sense, we
assume 77; = 0 for t # 0). Then the complete model is:

T =1t Ny
rete =i, =8 +1,
Pr = PPr1 + 1+ 1
Sp =11+ e,_1 + Q1 + XP,
1, = max{—s;, 0}.
This is a completely backward-looking model, so the results of Corollary 2 apply. Thus, in

order to test whether or not there is uniqueness, we just have to look at the impact of a shock to

40'While the economy is moving less far from its steady state following this shock than in the Ferndndez-Villaverde et al. (2015)

example, here all variables, including welfare, are in first order approximations.
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the bounded equation, ignoring the bound. This requires us to solve the model with extra shock
v; (but without the 7, or 77, shocks) given by:
T = €1,
r4+e =i, =8 +1,
Pr = PPr-1 + €1,
Sp =1+ ¢e;_1 + XPrs
I, = =8; + .
The solution has:
e, = —r+1v,
sy =1+ (P +x)e—1 + XPPr-1,
ip=—r—(P+x)e_1 — XPPr-1 + V-
Thus, positive shocks to the bounded equation increase the bounded variable one for one, i.e.,

M, ; =1 > 0. This gives uniqueness, conditional on existence, via the following general result:

Corollary 8 Consider a purely backward-looking otherwise linear model with an OBC. Then:

1) If My, >0, then for any x, and (&;);2, if there exists a path satisfying the model’s
equations and eventually escaping the bound, then that path is unique.*!

Furthermore, suppose the model has at least one t-dated shock with a non-zero impact on i, (if

the model has a shock to the bounded equation, then M; ; # 0 is sufficient for this), then:

2) If M ; < 0then for any T > 0, there exists x, and (¢;);2, with &, = 0 for £ > T such that
there are multiple paths (x;);2; satisfying the model’s equations from period 1 to T and
satisfying the model’s equations without the OBC (i.e. with the max removed) from period

T + 1 onwards.

Appendix F: Relationship between multiplicity under perfect-foresight, and
multiplicity under rational expectations
Our results here will apply to any non-linear dynamic model, not just otherwise linear

models with occasionally binding constraints. Before starting, we introduce a little notation that

! Existence of a path escaping the bound is not guaranteed in general. Consider the model z;, = %Zt_l - % (z’t - %Zt), iy =

max{—l,%zt}, with x; = [i},z,]. If zg = — g, thenz; = — % is the unique solution, despite this having My, = 29—5 > 0.
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will be helpful in the below. For any subsets of Euclidean space, A and B, and any function

h:Al =B, we define [h|,:= sup Hh(ul,...,a])”z , and L(h):=

Wh(as,....ap)=h(ai,....a7)| NSl :
sup & 250 L(h) is the Lipschitz modulus of h. We extend this
a1,y Ay, AT EA] max{||a1—a1||2,...,||a/—a] 2}

notation to subscripted functions by also taking suprema over the subscripts. So, for example if

h e ]—[Jj.zl(A]- — B), then [|h]|, = _slup]Hh]”oo and L(h) = '—SFPIL<hj).

Let x; be a vector of the modelj’; éﬁ&ogenous variables, ]\;uhxt € X C R". Similarly, let
g; be a vector of the model’s exogenous i.i.d. shocks, with ¢, € & C R™, where 0 € £. We
assume that with probability 1 — o, ¢, = 0, while with probability ¢, €, is drawn from a
probability distribution over € with measure p- This distribution may be either continuous or
discrete. Thus, ¢ = 0 corresponds to the perfect foresight case, while when ¢ =1, the
distribution of &, is unrestricted. We assume t dated variables are known at t. There is no
requirement that either x, or ¢, be in any sense “minimal”. For example, &, may contain non-
fundamental shocks with no impact on the value of the model’s equations, except perhaps
through beliefs.

We assume that at any point in time, the economy can be in any one of a set K of “regimes”.
Both the policy functions, and the model’s equations may differ across these regimes. Thus,
these regimes can capture both switching sunspot solutions (with differing policy functions but
identical model equations) and switching model properties (with the model equations
switching). If the model equations do not vary over K, then in the limit as uncertainty
disappears, these regimes will capture |K| different perfect foresight solutions to the model. (K
may be finite or countably infinite.) We denote the regime in period ¢ by k. Within each regime,
the policy functions and model equations may be a function of the length of time the economy
has been in the current regime, denoted by s,;. s; = 1 in the first period in a new regime, s, = 2
in the second, and so on.

At the start of each period a binary “transition shock” is realised. With probability 1 — 4,
the transition shock does not hit, and the economy will remain in the regime it was in last
period. However, with probability ¢, the economy is hit with the transition shock, and
transitions to another regime according to the period ¢+ Markov transition matrix (), :=

[w,(ct; ]k,leK' w,({tl) € [0,1] gives the probability of transitioning from regime k to regime [ at the
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start of period t, conditional on the transition shock hitting. Rows of (), sum to 1. If w,((t,)( +0
for some k, then if k,_; = k, there is a 5w,(3< chance of remaining in regime k at ¢ but with the
“clock” reset, as if the economy had just arrived at regime k. We assume that for all t € Z,
k,1 €K, w,((tl) = Wy 1s,¢,(Xt—1) Where wy ;.0 X — [0,1] is a Lipschitz continuous function
with L(wy ;,.) < oo forallk,l € K, s € N* and e € £. This allows transition probabilities to

be deterministic functions of the current state and shock. We further assume that:

LZ(C‘J) = sup Z L(wk,l,s,e) < oo.
keK,seN+,eel ek

We assume that the model’s equations (first order conditions, laws of motion, etc.) are in

the general form:

0= Etﬁkt,st,st(xt—llxtl Xt11)s
where i ,: X* — R" is a Lipschitz continuous function with L(}.) < L(}) < oo for all
ke K,se NT, ee £ We impose no stability requirement beyond x, € X. The rational
expectations solutions we find will be near to a corresponding perfect foresight one, so by
limiting the perfect foresight equilibria considered, we can rule out explosive equilibria. Such
equilibria could also be ruled out by bounding X.

The restriction to Lipschitz continuousﬁ is almost without loss of generality. Note that all
otherwise linear models with occasionally binding constraints are Lipschitz continuous. More
generally, virtually all economic models will result in a Lipschitz /5, perhaps after some variable
transformations such as using the logarithm not the level of the capital stock as an endogenous
variable. Lipschitz continuity just rules out functions that are not differentiable almost
everywhere, or for which the derivative is not almost everywhere bounded.

Given some ¢ and §, we write g,igf): Dy s = X for the (unknown) policy function in the
s period in regime k with shock e, meaning that for all ¢, x;, = g]izs’i)et(xt_l). Dy s € X is the
x-domain of definition of the policy functions, taken to be independent of ¢ and §. This may
be less than then entire space due to non-existence in some areas. We write gy , := 9}5%,2) for
the known policy function in the perfect foresight case with ¢ = 0 and 6 = 0.

Let B3 denote the closed unit ball in R”. We assume that there exists { > 0 such that

Jrse(Dis) + B C Dy gy Ny C X for allk,l € K, s € N*, e € £. This ensures that
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under perfect foresight, x; is guaranteed to stay within the domain of definition of the policy
function in all periods, even if a probability zero transition shock hit. The addition of {13
ensures that small perturbations of the images will remain inside the relevant domains.

Our goal is to establish existence of the policy function for some ¢ > 0 and § > 0. We look

for policy functions that have ||g‘” )

— 9*”00 < (, meaning they remain close enough to the
perfect foresight policy function for the domains to remain valid. We also assume L(g“”é)) <
oo. This is reasonable given the Lipschitz continuity of ,B For example, otherwise linear models
with occasionally binding constraints have Lipschitz policy functions at least over any convex
sets on which their solution is unique, by a corresponding result for LCPs (Mangasarian &
Shiau 1987). Finally, we require that there exist values A(“®) > 0 and B(°~® > 0 such that for
allk,le K,se N*,e€ Eandx € Dy, 1:
931,00 = g 0@, = A2,
g1’ ) = gis o], < B,

This is a substantially weaker condition than requiring g(”'5 ) to be bounded. The first condition
states that the policy function with a shock should not be too different to the one without a
shock. The second states that the policy functions should not differ too much across regimes.
A% and B?-®) may be arbitrarily large, so this still permits large responses to shocks and
drastically different behaviour across regimes. While the first condition may require shocks to
be bounded in some models, these bounds on shocks can be arbitrarily large.

To be a solution, forallk € K,s € NT,ee Eandx € Q)kls, these policy functions must
satisfy:

0=(1-08)1=0)fse (x,g,ii'ka) 90 (9% f)<x>))
+ 0= 00 [ e (2950 00,90 (91500 ) ) dpte)

+6(1=0) Y Wipse@fics,e ( X, gice (0,970 (915‘2 f)<x>))

lexK

+5aZwkZSe<x>fﬁkse(x G0 (x), /7Y (g,i‘;§><x>))dp<e>. (11)

lexk

This equation just encodes the rules for transitioning between regimes already discussed.
When ¢ = 0 and 6 = 0, all future uncertainty disappears, and we are left with perfect

foresight solutions. Setting o = 0 and 6 = 0 in equation (11) gives:
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0 = fise (%9750 giser0(g0c0)) ). (12)

These are the standard equations defining perfect foresight policy functions. In this case, the
regime never changes from its initial value, and so “clock time”, s, gives actual time, t. The
perfect foresight iteration x, = g{;tlslﬂ[t:l] (x;_1) may converge to a different steady state in
different regimes, or for different initial states x and first period shocks &;. It may also cycle
rather than converging.

~is known,

We assume that the perfect foresight policy function g* = <g’:&€)ke P

and satisfies the properties given above. More than this though, we assume that there exists A >
0 such that for all sequences 7 := (#5)sen+ C R” with ||5]|, < A, we know a modified perfect
foresight policy function g*(”), where:
M = frse (x,g,;‘f;?ﬁ @900 (91000 ) )

forallk € K,s € N*,e € £and x € D)y ;, where R is the shift operator defined by (R7), =
s41 for all s € N*. We assume g*(o) = g*. This captures the perfect foresight solution to an
augmented model in which an additional exogenous “forcing process” is added to each
equation. If we can solve the original perfect foresight system, we ought to be able to solve this
augmented system for sufficiently small forcing processes. This is very similar to our approach
for models with occasionally binding constraints. There we added forcing processes to the
bounded equation and showed that the model could still be solved.

ForkeK,seN*, ee &, x & Dy, and (75)sen+ © R" with |77l <A, we write
@]EZL(JC) for the path followed by the endogenous variables under perfect foresight, when

started with the given state and shock, with the given forcing process. Thus:
D oy — (o *) *(Rp) (+(p) *(R2p) (*(Rip) (1)
‘Qk,s,e(x) - (gk,s,e (X),g ,s+1,0 (gk,s,e (X)) ’9k,s+2,0 (gk,s-f-l,o (gk,s,e (X)>> [ )
We assume there exists C > 0 such that for all ke K, se N*, ee€ &, x € Dy, and

(M1,s)sen+s (M2,5)sen+ © R™ with ||| < A and ||175]lo < A
[P oy = B2 )| < Clln = ol

k,s,e
and that there exists D > 0 such that for al k€ K, se N*, ec &, xy,x, € Dy 5 and
(115)sen+ © R™ with [|7]], < A:

|27, ) = B ()| < Diley = .

)
k,s,e k,s,e
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This means that the future perfect-foresight path of the endogenous variables when started in
state (k, s, e, x) is Lipschitz both in the forcing process # and in the initial state x. Le., small
changes in the forcing process or initial state will produce small changes in the future path
followed by the endogenous variables. For determinate linear models, the Lipschitz continuity
in the initial state is immediate, and the Lipschitz continuity in the forcing process follows from
the characterization of the solution under such a forcing process given in Appendix H.4. For
otherwise linear models with occasionally binding constraints, this follows from the
corresponding result for LCPs (Mangasarian & Shiau 1987) providing 1) ; and A are chosen
to ensure there is always a unique solution. We give three simple examples of checking these

forcing process conditions in the next subsection.

Theorem 3 (Restated) Under the conditions outlined in the text above (from Appendix F), there

exists ¥ > 0 and ¢ € (0,1) such that for all ¢ < ¢ and 6 < ¢, there exists a policy function

(0,8) _ (0,8) . )
g = (gk,s, . >keK,seN+,eeE that solves the model (equation (11)), and satisfies the other

(0,9)

policy function conditions given above. Moreover, ”9 — g*“ < ymax{|c], ||}

We prove this in Appendix H.6. Note that the proof is constructive, so this could form the basis
of an effective algorithm for computing global solutions to non-linear rational expectations
models. Theorem 3 (Restated) is a powerful tool for proving the existence of rational
expectations equilibria for general non-linear models. It implies that if there are multiple
discrete solutions under perfect foresight (so |[K| > 1), then there are a continuum of solutions
under rational expectations. Even if |K| = 1, then there are still a continuum of solutions under
rational expectations if the one perfect-foresight solution is not time invariant, as in the example

from Subsection 2.6 of the main paper.

Appendix F.1: Initial simple examples

For a first example of checking the forcing process conditions, consider the minimal Taylor
rule model, 0 = i; — r — 271, 0 = r + 71,1 — i;. When augmented with the # forcing process,
this ~ becomes 7y, =i —r—2m, and 1y, =r+7m—i . Thus, =

- Z:;o 2757 Wy s + Mopes) and i =7 — Z:io 27°(M1 445 + Not4s) + 11,4 - These are

functions of the current and future path of the forcing process, as required. Additionally, the
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first Lipschitz condition is clearly satisfied with C = \/2274-32 = \/1_3 , and the second is
trivially satisfied as there are no state variables.

Next, consider the zero-peg model 0 = i;, 0 = r + 71,1 — i, which has a perfect foresight
solution with 77, = —r (amongst others). When augmented with the # forcing process, this
states that 77, , =i, and 1, ; = v + 7, — iy =¥ + 71 — 114. This would imply that 77, =
—7 + 11 4—1 + 1—1 for £ > 1. However, this is not a function of current and future values of
the forcing process, so does not meet the requirements. The failure here is due to the
indeterminacy of the zero-peg model.

Luckily, there is a simple fix. We can always transform an indeterminate model into a
determinate one (possibly augmented with sunspot shocks) following the method of Farmer,
Khramov & Nicolo (2015). We can change the model’s equations in this way for only certain k
since we allow Fk,s,e to vary with k. The solution to this equivalent determinate model will still
exist even when 7 is included. Under this transformation, the zero-peg model becomes 0 = i;,
0=r+e —1i, with the extra equation 0 = 71, —¢;_; . Adding shocks 1y ;, 17, ; and 773 ;
respectively to the left hand sides of these equations produces the solution: iy = # 4, ¢, = =1 +
N1+ + Yo and 71, = €;_q1 + 773 ;. This no longer contains lagged values of the forcing process
(though of course they enter indirectly via the state variable e;). It satisfies the first Lipschitz
condition with C = m = \/g, and the second with D = 1.

For a final example, consider the simple model presented in Subsection 2.2 of the main
paper, which we examined under rational expectations in Subsection 2.6 there. The model has
0 =1, —max{0,r + ¢r;, —Ym,_1}, 0 =7+ m,q —i;, with ¢:=2 and ¢ € (0,1). The
perfect foresight solution has 771 = — % and 7; = 0, unconditionally on 77, while 77, = A,
for t > 1, with A2 = pA — 1. Adding shocks 111,+ and 177, ; to the model means we want to solve

1 =iy —max{0,r + 271, — ¢r;,_y} and 1, ; = 1 + 71,1 — i;. We fix the domain of 77, to the

set [— 55 — 573, ©0) (restricting X and Dy ). This covers the desired perfect foresight solution
with 77, = —A=2r.

We conjecture that for sufficiently small A > 0, if |||, < A, there is a solution of the form:

1 oo
=77t hathat Z(Z —A) ST (s + Mapss) |
s=0
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T ="M,1/

with, for t > 1:

(oo}

= Am_q — Z(Z — A (s + M)
5=0

=1+ AT =2 Z(Z — A) T (1 s + M,t4s)-
s=0

It is easy to verify that the second equation (77, ; = 7 + 71,1 — i;) is always satisfied, no
matter the value of A. We just have to check the first. In period 1, the first equation holds if and

only if 7 + 271 — ¢ty < 0. Given that 77y > — 5

55— AZ’ straightforward computation shows

that it suffices to take A < (1 — A)Zg. In period t > 1, the first equation holds if and only if

r+2m, — 1 = 0, as the candidate solution satisfies i, = r + 271, — 71,1 + 771 4. Given

7

that 7Tt1> 2A YR

for this condition we again need A < (1 — A)? by similar

r
8>
computations. Thus, with A := (1 — A)? g, both conditions are satisfied, and our conjectured

solution is indeed a solution. Having established the solution, it is now easy to see that the

required Lipschitz conditions are satisfied with D = y A2 + A% and:
2

o (G2 (20 G}

Appendix G: Results from and for dynamic programming

Appendix G.1: The linear-quadratic case

Alternative existence and uniqueness results for the infinite T problem can be established
via dynamic programming methods, under the assumption that Problem 2 (OBC) comes from
the first order conditions solution of a social planner problem. These have the advantage that
their conditions are potentially much easier to evaluate, though they also have somewhat limited
applicability. We focus here on uniqueness results, since these are of greater interest.

Suppose that the social planner in some economy solves the following problem:

Problem 4 (Linear-Quadratic) Suppose i € R", ¥ € R! and ¥V € R®?" are given,

where ¢ € N. Define [: R” — P(R") (where P denotes the power-set operator) by:

() = {z€ R0 < ¥O 4 ¥ [’ZC - ;‘]} (13)
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for all x € R". (Note: I (x) will give the set of feasible values for next period’s state if the
current state is x. Equality constraints may be included by including an identical lower bound
and upper bound.) Define:

X :={x e R"T(x) # 0}, (14)
and suppose without loss of generality that for all x € R", T'(x) N X = T'(x). (Note: this
means that the linear inequalities bounding X are already included in those in the definition of
I(x). It is without loss of generality as the planner will never choose an % € I'(x) such that

['(%) = (.) Further define : X x X > R by:

R T o IR

forall x,z € X, where u® € R, u)) € RV and i@ = i@’ € R2"2" gre given. Finally,

suppose Xg € X is given and B € (0,1), and choose xq, x5, ... to maximise:

T ~
li%n_’gf;ﬁt‘lji(xt_l,xt) (16)

subject to the constraints that for all t € N*, x, € T'(x,_4).

To ensure the problem is well behaved, we make the following assumption:

Assumption 4 i is negative-definite.

In Appendix H.10, below, we establish the following (unsurprising) result:

Proposition 14 If either X is compact, or, T(x)is compact valued and x € T(x) forallx € X,

then for all x, € X, there is a unique path (x;) 2o which solves Problem 4 (Linear-Quadratic).

We wish to use this result to establish the uniqueness of the solution to the first order

conditions. The Lagrangian for our problem is given by:
SEIE , Xp1—H
Zlﬁf 1 [T(xt_l,xt) + Ny qu@ U Al [ ]” (17)
t=

for some KKT-multipliers A, € R€ for all t € N*. Taking the first order conditions leads to
the following necessary KKT conditions, for all t € N
_ W [M1 T H S g W [ H T @2y g
0=u®)+| . | 1%+ A + ﬁ[u.,1 + [xm K ;4] a2+ A, v |, (18)

Xp1— 1 Xp_1— M
t—1 ], OS/\t/ O:Ato l\F(O) +\If(1)[ ;Ctl_ ]], (19)

< O 4 g
0= - [ Xr—H H

where subscripts 1 and 2 refer to blocks of rows or columns of length n. Additionally, for y to

be the steady state of x, and A to be the steady state of A,, we require:
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0=ul) + ¥ +plu) + ¥ 7], (20)
0<Y®, 0<A, 0=A.Y0. (21)

In Appendix H.11, below, we prove the following result:

Proposition 15 Suppose that for all t € N, (x;);2; and (A;);2; satisfy the KKT conditions
given in equations (18) and (19), and that as t - oo, x, - p and A, — A, where uand A
satisfy the steady state KKT conditions given in equations (20) and (21). Then (x;);2 solves
Problem 4 (Linear-Quadratic). If, further, either condition of Proposition 14 is satisfied, then
(X¢);=1 is the unique solution to Problem 4 (Linear-Quadratic), and there can be no other
solutions to the KKT conditions given in equations (18) and (19) satisfying x;, - y and A; —

Aast — oo.

Now, it is possible to convert the KKT conditions given in equations (18) and (19) into a
problem in the form of the multiple-bound generalisation of Problem 2 (OBC) quite generally.
To see this, first note that we may rewrite equation (18) as:

0= Y+ 02 (s — 1)+ 80— ) + ¥ Y,

1 2 1)’
+ B[uy + a3 (= ) + 83 (xr — ) + ¥ A .

-1
Now, u(z) + ﬁul 1 is negative definite, hence we may define } := ‘P [ 522) + ,Bﬂﬁ] , SO:
©) 4y —H
YO 4y [ o ]

=¥O 4 (vD —Vad)) (x, —p) = U [ <}2> + ,B[u(ll) +il (xeg — 1) + ¥ Am]] (22)
—¥O[ass + piy] \1{{12) Ay
Xy 1 —
Moreover, equation (19) implies that if the k* element of ¥ + ¥ [ ; 1_ F‘y] is positive,
t

then the k™ element of A, is zero, so:

YO 4 g [x;c—l —H

— ‘u ] = maX{O/Zt}/ (23)

where:
7= YO 4 (‘I’(ll) - lﬂﬁg{)(xt_l — 1)
0l 4 By + 3 — ) + ¥ 2]
- [vQ[aE + a3 Y +w]a,
and W € R®*€ is an arbitrary, positive diagonal matrix. A natural choice is:

W := —diag~! diag [‘F(l)[ iy + By ‘P,(,lz),],
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providing this is positive (it is nonnegative at least as ﬁ;zé + ,Bﬁﬁ is negative definite), where

the diag operator maps matrices to a vector containing their diagonal, and diag=! maps
vectors to a matrix with the given vector on the diagonal, and zeros elsewhere.

We claim that we may replace equation (19) with equation (23) without changing the
model. We have already shown that equation (19) implies equation (23), so we just have to
prove the converse. We continue to suppose equation (18) holds, and thus, so too does equation
(22)(22). Then, from subtracting equation (22) from equation (23), we have that:

WA, = max{—z,, 0}.
Hence, as U is a positive diagonal matrix, and the right-hand side is nonnegative, A, > 0.
Furthermore, the kth element of A, is non-negative if and only if the kth element of z, is non-
positive (as U} is a positive diagonal matrix), which in turn holds if and only if the kth element
of ¥ 4 ¢ [x;_tl__yﬂ] is equal to zero, by equation (23). Thus equation (19) is satisfied.

Combined with our previous results, this gives the following proposition:

Proposition 16 Suppose we are given a problem in the form of Problem 4 (Linear-Quadratic).
Then, the KKT conditions of that problem may be placed into the form of the multiple-bound
generalisation of Problem 2 (OBC). Let (qu,M) be the infinite LCP corresponding to this
representation, given initial state x, € X. Then, if y is a solution to the LCP, g, + My gives
the stacked paths of the bounded variables in a solution to Problem 4 (Linear-Quadratic). If,
further, either condition of Proposition 14 is satisfied, then this LCP has a unique solution for
all xy € X, which gives the unique solution to Problem 4 (Linear-Quadratic), and, for
(T

sufficiently large T*, the finite LCP (qu*),M (")) has a unique solution 7" for all x, € X,

where qg*) + MTyT" gives the first T* periods of the stacked paths of the bounded

variables in a solution to Problem 4 (Linear-Quadratic).

This proposition provides some evidence that the LCP will have a unique solution when it
is generated from a dynamic programming problem with a unique solution. In the next
subsection, we derive similar results for models with more general constraints and objective
functions. The proof of this proposition also showed an alternative method for converting KKT

conditions into equations of the form handled by our methods.
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Appendix G.2: The general case
Here we consider non-linear dynamic programming problems with general objective

functions. Consider then the following generalisation of Problem 4 (Linear-Quadratic):

Problem 5 (Non-linear) Suppose I''R" — P(R") is a given compact, convex valued
continuous function. Define X := {x € R"|T'(x) # @}, and suppose without loss of generality
that for all x € R", T'(x) N X = I'(x). Further suppose that F: X x X — R is a given twice
continuously differentiable, concave function, and that x, € X and 8 € (0,1) are given.

Choose xq, X5, ... to maximise:

T
o t—1
ll%n_)g}f;ﬁ F(x_q,xp),

subject to the constraints that forall t € N*, x, € I'(x;_;).

For tractability, we make the following additional assumption, which enables us to uniformly

approximate I' by a finite number of inequalities:

Assumption 5 X is compact.

Then, by Theorem 4.8 of Stokey, Lucas, and Prescott (1989), there is a unique solution to
Problem 5 (Non-linear) for any x;. We further assume the following to ensure that there is a

natural point to approximate around:*

Assumption 6 There exists 4 € X such that for any given xy € X, in the solution to Problem 5

(Non-linear) with that x,, as t — oo, x; — 1.

Having defined y, we can let F be a second order Taylor approximation to J around u,
which will take the form of equation (15)(15). Assumption 4 will be satisfied for this
approximation thanks to the concavity of J. To apply the previous results, we also then need
to approximate the constraints.

Suppose first that the graph of I' is convex, i.e. the set {(x,z)|x € X,z € ['(x)} is convex.
Since it is also compact, by Assumption 5, for any € > 0, there exists c € N, ¥(® € R*! and
¥ e R2" guch that with T defined as in equation (13) and X defined as in equation (14):

H neXcCX,

4 If X is convex, then the existence of a fixed point of the policy function is a consequence of Brouwer’s Fixed Point Theorem,

but there is no reason the fixed point guaranteed by Brouwer’s Theorem should be even locally attractive.
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2) for all x € X, there exists ¥ € X such that ||x — X, < €,
3) forallx € X, T'(x) CT(x),
4) forall x € X, and forall z € T'(x), there exists Z € T'(x) such that ||z — Zl, < €.
(This follows from standard properties of convex sets.) Then, by our previous results, the

following proposition is immediate:

Proposition 17 Suppose we are given a problem in the form of Problem 5 (Non-linear) (and
which satisfies Assumption 5 and Assumption 6). If the graph of I' is convex, then we can
construct a problem in the form of the multiple-bound generalisation of Problem 2 (OBC)
which encodes a local approximation to the original dynamic programming problem around
x; = p. Furthermore, the LCP corresponding to this approximation will have a unique solution
for all x, € X. Moreover, the approximation is consistent for quadratic objectives in the sense
that as the number of inequalities used to approximate I" goes to infinity, the approximate value

function converges uniformly to the true value function.

Unfortunately, if the graph of I is non-convex, then we will not be able to derive similar
results. To see the best we could do along similar proof lines, here we merely sketch the
construction of an approximation to the graph of I' in this case. We will need to assume that
there exists z € int I'(x) for all x € X, which precludes the existence of equality constraints.*
We first approximate the graph of I' by a polytope (i.e. n dimensional polygon) contained in the
graph of I' such that all points in the graph of I' are within % of a point in the polytope. Then,
providing € is sufficiently small, for each simplicial surface element of the polytope, indexed

by k € {1, ...,c}, we can find a quadratic function g;: X x X — R with:

=¥+ TR Lo e L2

for all x,z € X and such that gy, is zero at the corners of the simplicial surface element, such
that g, is nonpositive on its surface, such that ‘Pl(cz) is symmetric positive definite, and such that

all points in the polytope are within 5 of a point in the set:

{(x,2) € X x X|Vk €1, ...,5},0 < g, (x,2)}.

43 This is often not too much of a restriction, since equality constraints may be substituted out.
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This gives a set of quadratic constraints that approximate I'. If we then define:

C
i = u®+ 3 Ny, V2,
k=1
where u® is the Hessian of J-, then the Lagrangian in equation (17) is the same as what would

be obtained from taking a second order Taylor approximation to the Lagrangian of the problem
of maximising our non-linear objective subject to the approximate quadratic constraints,
suggesting it may perform acceptably well for x near y, along similar lines to the results of
Levine, Pearlman, and Pierse (2008) and Benigno & Woodford (2012). However, existence of
a unique solution to the original problem cannot be used to establish even the existence of a
solution of the approximated problem, since only linear approximations to the quadratic
constraints would be imposed by our algorithm, giving a reduced choice set (as the quadratic

terms are positive definite).

Appendix H: Proofs

Appendix H.1: Proof of the results of Subsection 2.5
To recap, the model with “news” shocks is:
PP =P =1+ ¢ —pra) + XPe+ Vi
with x > 0 and ¢ > 1, so:
Pro1 =+ ¢+ X)Pr — Ppr_1 + V4
We ﬁX po = 0

We look for a solution in the form p; = Zm

j:—OO

Gjvpyj, where v, =0 for all £ <0.

Substituting in, we have:

Z GV =1+ ¢ +x) Z Giviyj — ¢ Z Giy1Vigj + Vi

J== J==° J==
so from matching coefficients, we have:
G1=0Q4+¢+x)Gy—¢Gy +1,
Vi#£0, Gii=0+¢+x)G -G,
We conjecture that G; = Go{/ for j > 0 and G = Gy for j < 0, for some Gy € R and

¢,n € (—1,1). Then:

1
0
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1=0+¢+x)0— 2%
7> =1+¢+x)7—¢.

Thus:
T+p+x— A+ +x)2—4¢ X
= > :1——¢_1+O()(2),
o 14—+ p+x)2—4p 1 X ,
e % 1 ¢<1_1ﬁ>+0(" ’
+
Go=— = - b2 X +0(x%),

Ja+g+07-49 71 (@D
where, here and in the following, the O(x?) terms are taken as y — 0. Note that:

(1+¢+x)>—4p=(p-1)*+2x(1+ ) + x> >0

providing that x > 0, so this solution is real as required.

Additionally:
_1+¢+x—Jﬂ+¢+xV—4¢>1+¢+x—Jﬂ+¢+xﬁ_0
B 2 2 Y
and for y > O:

14+ x— (9 -2 +2x(1+¢) +2°

B 2

LA N@- D2 A0 -+ R 14 +a— (9142

2 B 2 B

again as required.

Substituting back in, we have:

it:7’+79t+1__Pt

_ 0 o
=71+ Gy Z m Vt+1+] + Z ¢ Vig14j — Z 77_th+j - Z GWH]

]——°° J— j=—oo j=1

0 o
=1+ Gy 277] Vt+;+ZC Vi = Z”_jvt+j_ZCth+j}

]_—oo j=—oc0 j=1

oo 0
=r+ G (1—§)ZC]_1Vt+j_(1_’7) Z ’7_th+]}

j=1 j==se

ot Go|S (=071 +=1 v, - T |
Ly O L0 g e ]-‘1”‘”

_ = 1/t+] 1 0 1/t+]> = 1/t+]} 2

= ; py + $= (]_Z‘oovt+]+] L 4’—12{ + O(x*).
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Since the partial derivative of the term in square brackets here with respect to v; is strictly
positive for all s € NT, at least for small y, all of the elements of M must be strictly
monotonically increasing in ). Thus, by Jacobi’s formula, for any principal sub-matrix W of

M with W € R5%5 (S < T), if x = 0:

ddetW dWs, AW, ; 5=1
= = (=15 Tdet Wy, o1y 9.0 = —= -W >0,
dX d)( 1:(5-1),2:S d}( SI;[( S,S+1)

as with x = 0, W must be strictly upper triangular with negative elements in the upper triangle.
Thus, as det W = 0 when x = 0, for any T, there exists X € (0, o] such that for all y €
(0,X7), M (of size T x T) is a P-matrix. (Recall that M is a P-matrix if and only if all its
principal sub-matrices have positive determinants.)

We have suggestive evidence that this may be true for all y > 0. Previously we showed
that, at least for small x, the elements of M with y > 0 are strictly greater than the elements of
M with x = 0. In fact, this holds for all x > 0. To see this, note that given Gy < 0 and 77 < 1,
from examining the square bracketed term of the penultimate expression for i, above, we just

need that (1 —2)Z/~! + GL(pf < Oforj > 1. Withj = 1 this holds as:
0

1 2p-1-9—x+{(A+¢+02 -4 2J(1+¢p+x)2—4¢p

1m0 g = 2 %
X @-D -+ e+ 1) - 49
- T
XF(@-D = (=12 +2(1+¢) +2°
= 2% <0.

So, using the fact that { = % <n<l:

1
0<l1-0C < ———.
$<"Cop

ThusasO<%:C=1<l in fact for all j > 1:

¢ =P
1= < -

1
Gog/”
as required. Thus, for all x > 0, the elements of M with x > 0O are strictly greater than the

elements of M with xy = 0.
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Appendix H.2: Proof of the rational expectations results from Subsection 2.6
Ag, Bs and C5 must solve:
r+ (1 =90)[As(Asty_1 + Bs) + Bs] + 6Cs =iy =1+ ¢p(Ast,_1 + Bs) — Ypy_q,
r+ (1 —-06)[AsCs + Bs] +6C =i, =0,
where the former captures the 77, = As7,_; + B case, and the latter captures the 77, = Cj one.

Collecting terms implies that (1 — §)A3 = ¢pAs — ¢, so:

) _1—,/1—(1—5)¢E(Ol—ﬁ\lc(m) “
o 1-9 \"1-6 )"

while (1 - (S)(l + Aé)B(g + (SC5 = (PB5 and r + (1 — 5) [A5C5 + B5] + 5C5 =0, so:
B, = or 0
T T T A=)l =(=0)Az4, ="

2= (A= 5+ A
S BT - o - A-0Ag =

Note that as 6 - 0, A; — A (as defined in Subsection 2.2 of the main paper), Bs — 0 and
Cs —» —A~1r.

We just have to check that this solution does not violate the monetary rule. First suppose it
were the case that 71, = As7t;_q + B for all t. Then 71, would converge to the pseudo-steady
state 7T solving T = As7T + B;s. Thus:

1-9 r
1—A5]25+ (1-=0)[1-1-19)As]

ﬁ—C(;:I: A5>0

Since T — C5 >0, and A5 € (0,1), in fact for all ¢, 77, € [Cs, 7T), assuming 77 is in this

interval. Now note that:

N r+2Bs; r+2C5_[1—z/;] r 50
Ta-ea 0y LA 25+ A9 -A-0A0A7
So, for all ¢:
1"+2B5
7T, ZC >_—/
t—1 3 (1—(5)A§

and thus when 71, = Ag7,_q + By, ¥+ ¢, — 71,1 =7+ (1 — 8)A3m;_4 +2Bs >0, as

required. Similarly, for all £:

T+2C5
¢ 4

71}_1 Z C5 >

4 Determinacy requires that 1 — § times the other root is greater than one. This holds as 1 + \[1 -1-0y>1
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and thus when 77, = Cs, 7 + ¢p1, — Y1, = v + 2C5 — 1,4 < 0, again as required. This
means that the monetary rule is satisfied: the economy is away from the ZLLB when the  shock

does not hit, and at the ZLLB when it does.

Appendix H.3: Proof of the NK result from Subsection 4.3
Let € > 0. Consider increasing the bottom left element of M by +¢&. By Sylvester’s
determinant theorem, this increases the determinant of M by +¢e(—1)T*! det My.r_q 2.7
Write a, = Mrp_; p for k > 0. Since M is Toeplitz, the definition of a; is independent of
T, so we may consider a; defined for all k € N.

To make the determinant of the resulting matrix negative (for an appropriate choice of +),

|det My.7_1 0.7 1
d T 2 E-

With M upper triangular, My.7_1 5.7 is upper Hessenberg. It is also Toeplitz as M is.

W€ nee

Hence, by Theorem 1 of Cahill et al. (2002), det My.r_1 5.7 = dr_q, where dy = 1 and:
t=1
dy = Z(_ao)kak+1dt—k—1r

fort > 0. Write ¢, = for t > 0, so we need |ep_4| > . Then ey = — and

Z( 1>’<ﬂet k1

for t > 0. To ensure |¢;| —» oo as t — oo, we need at least one of the roots of the infinite

t+1
ag

polynomial p(z) = Z;o_o(—z)k 2k to lie strictly inside the unit circle. As p(0) = 1, it suffices
that 0 > p(=1) = Y~ 0 Smce ag > 0, we just need )~ a, < 0, i.e. for the the sum of the
IRF of i, to an anticipated monetary policy shock in the very far future to be negative.

To see whether this holds, we need to solve the original model without the ZLB but with a
forcing process:

T = Ky + BTy,
Yi = Y1 — 0 (i = 41 + l0g B),
iy =—logp+ ¢ 7t + Py + vy,

where unlike in the main text, we do not assume that v, = 0 for t # 1. We guess that:

0o
7-[1' = Zle/t_'-j.
j=0
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So:
1 &
ye = Fovy + _Z(F]‘ — BFj_1) V14

—log,B+[1+(¢n+¢—>1—“0]vt+]2[¢7{1—” +(P ~ (F; — BF;_ )]Vw"
l <¢n+—+0>FO]vt l<pnF1+ (F; - ,BFO)—FO+—(F1—(1+ﬁ)1—“0)]vt+1
Zl¢nF+¢(p BFi_1) — Fia+— (F—(1+ﬁ)]1+ﬂ )]VH]-:O,

Matching terms gives:
K

o+ Kpr+ Py

e xk(x+Bpy + (1+ B)o)
11— = 7

(0 + K+ )
_ (K+,B‘Py +(1 +IB)‘7>F]'—1 _ﬁUFj_z
I 0'+K4)7T+(,1)y

for j > 2. From standard results on stationarity of AR(2) processes, we have that Fj —(Qasj—

Fy=—

oo if and only if the following three conditions are met:

(7+chn+qby
o — (x+ Py + (1+H))

(7+chn+qby

The first always holds as B < 1 and other parameters are non-negative. The second follows

from our assumption (for determinacy without the ZLLB) that:
k(P —1) + (1= B)p, > 0.
The third always holds as the numerator is negative and the denominator is positive. Thus, F; —
0 as j — oco. Moreover, this convergence is geometric.
From this solution for F; we can infer a;, since a; gives the response of 7; to a shock

anticipated in j periods. Le.:

_ Pv\p _ 4
a0_1+<4)”+_>PO_U+K¢n+(py’
o Prk(x+ (1+B)o) + ¢y (x +0)
11— = 7

(0 +Kxp, + gby)2
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Py

(F; — BFj_1),

forj > 1. Now let b; = a; + b;_,, with by = 4. So:

Py
lim b]- exists and is finite as F; converges geometrically. We just need to prove that lim b]- < 0.
J=ee J=ee

Since the calculations involved in this rapidly turn messy, we turn to Maple (worksheet

available on request). Maple gives that:

limb; = — r

PR Tk (e D+ (- Py
as we assumed « > 0 and k(¢ — 1) + (1 — )¢, > 0.

. . det My.7_1 ».
This establishes that as T — oo, % = |ey| = co. Hence, for any & > 0, for
0

so our proposed +¢ change to the M matrix is sufficient

0

. detMq.7_1 5.
sufficiently large T, w > %,
ap

to push its determinant negative.

Appendix H.4: Proof of Proposition 2

We first establish the following Lemma:

Lemma 4 The (time-reversed) difference equation Ady; + Bdy + Cd,_, = 0 for allk € N+
has a unique solution satisfying the terminal condition cfk — (0 as k — oo, given by cfk =

H cfk_l, for all k € N, for some H with eigenvalues in the unit circle.

First, define G := —C(B + CF)~1, and note that if L is the lag (right-shift) operator, the

model from Problem 1 (Linear) can be written as:
L~Y(ALL +BL + C)(x — ) = 0.
Furthermore, by the definitions of F and G:
(L-G)(B+CF)(I—-FL)=ALL+ BL+C,
so, the stability of the model from Problem 1 (Linear) is determined by the solutions for z € C
of the polynomial:
0 = det(Az? + Bz + C) = det(Iz — G) det(B + CF) det(I — Fz).

Now by Assumption 1, all of the roots of det(I — Fz) are strictly outside of the unit circle, and
all of the other roots of det(Az? + Bz + C) are weakly inside the unit circle (else there would

be indeterminacy), thus, all of the roots of det(Iz — G) are weakly inside the unit circle.
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Therefore, if we write p), for the spectral radius of some matrix M, then, by this discussion
and Assumption 2, o; < 1.
Now consider the time reversed model:
LAL7'L-' + BL7' + C)d = 0,
subject to the terminal condition that d; — 0 ask — oco. Now, letz € C, z # 0 be a solution
to:

0 = det(Az?> + Bz + C),

and define Z = z~1

, SO:
0 = det(A + BZ + Cz2) = z72det(Az*> + Bz + C)

= det(I — GZ) det(B + CF) det(IZ — F).

By Assumption 1, all the roots of det(IZ — F) are inside the unit circle, thus they cannot
contribute to the dynamics of the time reversed process, else the terminal condition would be
violated. Thus, the time reversed model has a unique solution satisfying the terminal condition
with a transition matrix with the same eigenvalues as G. Consequently, this solution can be
calculated via standard methods for solving linear DSGE models, and it will be given by d; =
Hdy_4, for all k > 0, where H = —(B + AH)~1C, and ¢; = ¢¢ < 1, by Assumption 2. This
completes the proof of Lemma 4.

Now let s}, x; € R™N" be such that for any y € RN", the k™ columns of sy and x}y
give the value of s, and x; following a magnitude 1 news shock at horizon k, i.e. when xy = u
and vy is the k™ row of I\y+,+. Then:

st = =B+ CFH) ' [Lil1c + Gl 100 + GPLali i 1000 + 0]

(o)

= —(B+CH™ ) (GL¥IL 110
k=0

=—-B+CH I -GL)™ 11, ..,
where the infinite sums are well defined as p; < 1, and where I; ;.. € R*N" i5 a row vector
with zeros everywhere except position f where there is a 1. Thus:
st = [Opwq—1y S7] =L 1st,
Furthermore,

t t
(¢ —pr) =) Fsp=) FIU7,
j=1 j=1
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ie.:

t . min{tk) |
(f—p)p =) FIsi == > FIB+CHTIGTL,,
=1 j=1
and so, the k™ offset diagonal of M (k € Z) is given by the ﬁrst row of the k™ column of:
L~ (xt =L" 1Z(FL )iist = L~ 1Z(FL yis?,

where we abuse notation slightly by allowmg L~'to give a result with indices in Z rather than
N*, with padding by zeros. Consequently, for allk € N*, M, , = O(t”p}), as t — oo, for all
te Nt , M, = O(k”pkc) , as k—>oo, and for all k€ Z, My — lim M, -y =

O(t" 1 (prpg)"), as t — co.

Hence,
sup  inf M, ..y
ye[0,1]
exists and is well defined. We need to provide conditions under which  sup mf M; 1.y >
ye[o, 18+ 1€
0'45

To produce such conditions, we need constructive bounds on M, even if they have slightly
worse convergence rates. For any matrix, M € R™" with p); < 1, and any ¢ € (o), 1), let:
Cyi,p = supl|(Mgp=)",.

keN
Furthermore, for any matrix, M € R"™*" with Py < 1,and any € > 0, let:

Pe = max{lzllz € C, 0, (M —zI) = €},
where 0,,;,(M — zI) is the minimum singular value of M —zI, and let €*(M) € (0, ]
solve:
Prer vy = 1.

(This has a solution in (0, o] by continuity as p); < 1.) Then, by Theorem 16.2 of Trefethen
and Embree (2005), for any K € N and k > K:

( —1K
V91, < Iy, <l N

2 — ex—(M(P 1)

4> We might ideally have liked a lower bound on  sup tirﬁ{}f+ M; 1.0y since by the Moore-Osgood theorem, this would
yel,N[0, 118" €
imply a lower bound on lim max min M; 1.7y and thus imply that M was an S-matrix for all sufficiently large T.
T—co ye[0,1]7 tef(l,..., Ty 7
However, we have not managed to obtain a non-trivial lower bound on  sup tmf+ M; 1.0
yel; N[0, 11N EN
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s (M¢—1)K||2 — 0 as K — oo, hence, there exists some K € N such that:

$~1)K
”e (M~ 1|)|2 ||(M<P 1y I,/

meaning Cyq , = sup || M@=1)¥||, . The quantity p);. (and hence €*(M)) may be

.....

Sup [, 2

efficiently computed usmg the methods described by Wright and Trefethen (2001), and
implemented in their EigTool toolkit*. Thus, given M and ¢, CM,¢ may be calculated in

finitely many operations by iterating over K € N until a K is found which satisfies:

|(Mp=h)X|
—1\k 2
Sup JO™ ), = "5y

From the definition of Cy; ,,, we have that for any k € N and any ¢ € (o), 1):
[ M, < Cyg 9"
Now, fix ¢r € (pr, 1) and ¢ € (pg,1)," and define:
Dope.pe 1= Cr.geCo,pell B+ CHT,,

then, forall t, k € N*:
min{t,k}
— * * * >(- —7 — k—i
bl = =167 10k = 3 G 5 Colo

» min{t,k} _ 1
< Dorgc 2 595" = Dy, ¢G4’F‘P%G (¢F¢1)_ bre
=

Additionally, for all t € N*, k € Z:

My s = Jim Mo | = (L7 =), = (lim L = ), |
t—1 =)
< ( L7V (FLYYs; —L71 ) (FL~Y)s;
\ j=0 =0 }
Kl
= ( Z Fjsi,~,j+k+1)
j=max{t,—k} ,0lly
=| Y F®+cHIGH,
j=max{t,—k} 5
< ) |FLIB+chH,Ic,
j=max{t,—k}
¢max{t,—k} gbrélax{o,if—i-k}
<Dy Prp =D & ,
Pr,Pc j:maix{;t o F ¢F e 1 — ¢r¢g

46 This toolkit is available from https://github.com/eigtool/eigtool, and is included in DynareOBC.
47 In practice, we try a grid of values, as it is problem dependent whether high ¢ and low CF,q)F is preferable to low ¢r and

hlgh C'F,tf)p .
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so, forall t,k € N*:

k
M, — lim M <, , Prfc_
t,k TI_,I-I;O T,T+k—t —_ (PF,(pG 1 _ ¢F¢G'

To evaluate lim M .y, note that this limit is the top element from the (k — t)™ column
of:
d:=lim L7 (xy —p*) = L' (I - FL7')7's]
= —(I-FL ) Y B+CF)™'I - GL) ' Iy _.co,
where Iy _ ..o € R 7 is zero everywhere apart from index 0 where it equals 1. Hence, by the
definitions of F and G:
AL7'd + Bd + CLd = -1 11 _.co-
In other words, if we write dj. in place of d_ ; for convenience, then, for all k € Z:
Ady,, +Bd, + Cdy_; = — {1,,1 ifk=0
0 otherwise
Le. the homogeneous part of the difference equation for 4_, is identical to that of x, — y. The
time reversal here is intuitive since we are indexing diagonals such that indices increase as we
move up and to the right in M, but time is increasing as we move down in M.

Exploiting the possibility of reversing time is the key to easy evaluating d,.. First, note that
for k < 0, it must be the case that d, = Fd; ., since the shock has already “occurred”
(remember, that we are going forwards in “time” when we reduce k). Likewise, since d;, — 0
as k — oo, as we have already proved that the first row of M converges to zero, by Lemma 4, it
must be the case that d; = Hd_4, for all k > 0, where H = —(B + AH)~!C, and ¢;; < 1.

It just remains to determine the value of d,. By the previous results, this must satisfy:

—I 1 = Ady +Bdy + Cd_y = (AH + B + CF)d,.
Hence:
dy=—(AH+ B+ CF)™'I ;.
This gives a readily computed solution for the limits of the diagonals of M. Lastly, note that:
|d_¢ 1] < Md_ll = [IF*doll> < [IF[lalldoll2 < CF,4>F<P§D||d0||21
and:
dea| < ldilla = 1H dolly < [H'2lldoll> < Crp, gy, Prrlldoll>-

We will use these results in producing our bounds on ¢.
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First, fix T € N*, and define a new matrix MT € RN"N"by M{T) | = M, 1,

forall t, k € N*, with min{t, k} > T, M(k =di_11 — Dy _PE9G then:

F PG 1—prds’
> max_inf M, . [ ]> max_ inf MD [
g_ye[o freent ey T yel0,1]7 teN+— Hle [y T
Y~€[0,1] Y€[0,1]
2 PEPE
Jun, [Mt,lcTy+ Z (dk—t,l - »‘@zpF,q)G jR— )ym],
= max min '/ k=T+1 Fre

yel0,1]7 T Phok = PEPE
€[0,1] inf [ (d _ D, ) + (d 1=D > m]
= el | & (B = Ponwe = grgc J 2, (it = Donac 750 )~ |

k=T+1
M I—-H) 14 D (PtF(pEH
i | Moy + (0= H) o) e = Dooe Tg 55T gy ¥~ |
T
> (d—<t 01 = g T 5 fF(PG )y” (=P~ ‘d—<f—T>)>1y°°]l
mi | k=1 PrPc |
. o |e=TH1 ,ZT{ . ¢F¢T+1 J’
2, max, min HUA=H70) o = Dge 7 5T gy '
y.€0,1]

T
Z d_gpaye+ (A=Pd_y - d-(t—T)))lyoo
tEN 52T $2T g

HA =7 40) Ve = Do T 6070 = 50y

Now, fort > T
(= F)~Yd_y_py)| < || - F)_ld_(t—T)Hz <|a- F)_1”2”d—(t—T)”2
< G @710 = P, ol
50:

T
Z A_—ip1¥c — (U= F)d__1)) 1Y
k=1

T
= = Z Cr gy EEldoll, — Cr gy - F)_1H2||d0||23/oo
k=1

Pr(Pr —1 _ _
= —cp,¢FF(1f—4,F)||do||2 = Cr o $F T = B Molloye-

Thus ¢ > g7, where:

¢F‘PT+1
t:r%un [Mn v+ (I —H) Ydr t)lyoo = Dipr. g (1= ¢prpe)(1 - ¢G)y°°]
T
I[Z (d—<t—k>,1 Doype 7 fil?c(;ﬁ )yk +(I=P7Hd - d‘“‘“))ly‘”]'
mi k=1
3 | #=TH,2T i ProGt!
&= oy ™ HT =)o) Yo = Dovge T 00y T =gy /=

e (95" - 1)
—Cr 9, T”donz - CF,¢F¢17;+1||(I - B Y, Idollayes + ((I = F>_1d—1)1yco

0 9t PG

+H(I=H)dy) Yoo = Dy 90 (1= ¢rec)(1— pc)
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The final minimand in this expression is less than (but converges to):

(I =B 1)1Ye + (I = H)'dg) 1Yo,
i.e. a weakly positive multiple of the doubly infinite sum of d; ; over all k € Z. If this

expression is negative, then the optimum will have y., = 0 giving (uninformatively) ¢r < 0.

. +—=(T)
To construct an upper bound on ¢, fix T € N*, and define a new matrix M~ € RN"™N*

T T
by Miile—MlTlT’ and for all t,k € N*, with min{t,k} > T, Mt(k)—|dk_t,1|+

\ PrPE .
'1)¢F/¢G W Then: -
¢ = sup mf M.y < sup  inf Mtl oy < sup _mm Mtlooy
yero, 1+ FENT yero, 1+ FENT yero, 1t =l
—(T
< max_ min M; 1)00 [ s ]
yel[0,1]7 t=1,...,T |
[ = = PEPC
< max min (M, .ty + de_iq| + D. —]
ye[0,1]7 t=1,..,T | t:TY k;J 1l k;rl PEPC ] — Propg
B 0o ¢F¢T+1 o)
< max min |M, .ty + d. |+ D
ye[0,11T t=1,...T | t,1:TY k:;l— | k 1‘ Pr.Pc 1 — ¢ ‘P Z ¢G
T+1-t k Propst!
< max_min |M +C d + + D,
P T | t1:7Y + Cr g, IdollaPr Z Pn PEPC (1= prpc) (1 — Pc)
e
Cu g Idollapi ™" Proc’

=C,:= max min [M .
¢ yel01]7 t=1,...,T | Lty +

T=gn T T g —90) |
Note that if My, 1.7 is an S-matrix, G > 0.
Appendix H.5: Proof of Proposition 3
Consider the model:
a; = max{0,b,}, a,=1-¢, o = ay — by.
The model has steady state « = b = 1, ¢ = 0. Furthermore, in the model’s Problem 3 (News)

type equivalent, in which for t € N*:

{Bt +yf,0 if t < T
a; = ,
! b, ift>T

where y. . is defined as in Problem 3 (News), we have that:

i <
o = {yt,o if t S T

0 ift>T
so:
b, = {1 — 2V 0 %ft < T,
1 ift>T
implying:
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{1—%0 ift<T
ay; = ’ .
g 1 ift>T

thus, M = —I for this model.
Appendix H.6: Proof of Theorem 3

First note that without loss of generality, we may assume that L(ﬁ) = 1, since multiplying
[Ek,s,e by a constant does not change the solution. Additionally, we may assume that /Ek,s,e is linear
in its third argument for all k € K, s € N*, e € €. To see this, consider the augmented system
of equations:

U, = g,
Up = X1/
Wy = Fk,s,uH (041, 0, X4),
0=Ew_.
This new system has the same solution(s) for x, as the original one. It is also Lipschitz and
linear in t + 1 terms as required. Thus, we can assume that there exists a Lipschitz function
ﬁk,s,e: X? - R" and a matrix Q) , , € R™" such that for all x, x1,x, € X:
[Ek,s,e(xOI X1, %) = Zk,s,e(xo’ x1) + Q/k,s,exr

We also have that max{L(/NZk,s,e), Qk,s,eHZ} < L(/Zk,s,e> <1,forallk e K,se N*,e € €.

LetU:=]T, ek sen+ eec(Dr,s = R™). This is the vector space of K-vectors of sequences

0,0)

) is a zero of the function
5, /keK,seNT,ect

of E-vectors of functions. Note that 9(‘7 0 = (g,i
®@9: 1) - U defined by:

2 (g), O
=(1-96) lfk,s,e(xf G ()

+ O [ 1= )gisi1.0( G0 ) + 7 [ Grsin.e(grse @) dp@)”
+0) " Wepse() l/zk,s,e (x, Gs,e(X) )

lek
+ Orse [(1 — 0)91,1,0 (gk,s,e(x)> +0 fggu,s (gk,s,e(x)) dp(ﬁ)”

= /Nik’s’e(x, Grs,e(X )> + O s oJh5+1,0 (gk,s,e(x )>
+00 s, fé (Grs+1,e = Grs+1,0) (gk,s,e(x)) dp (¢)
+6(1 - )0, Z Wi 15,6 () (G1,1,0 = Gr5+1,0) <9k,s,e(x)>

lexK

Online Appendix: Page 71 of 97



+50-le5,3 Z Wi 1,s,e (x) fg(gl,l,s - gk,5+1,€) (gk,s,e(x)) df)(g)

leKk

for allg € UkeK,seNtecandx € Dy, s, where the equality follows from the fact
that 37, Wi pse(X) = [ 1dp(e) = 1.

We want to use the known perfect foresight solutions in order to prove the existence of the
sunspot rational expectations solution for sufficiently small ¢ and . A natural approach to a

7.9) . There are two main

problem like this is to use an implicit function theorem on @
difficulties. Firstly, we need the existence of a function, which requires an implicit function
theorem for infinite dimensional spaces. Secondly, since ﬁkls,g (and hence ®9) is not
everywhere differentiable, we need an implicit function theorem that does not rely on
differentiability. We provide one with the required properties in Lemma 5 (An Implicit Function

Theorem). This is an immediate special case of the result of Exercise 5SH.6 of Dontchev &

Rockafellar (2014). The notation we use in the statement of the Lemma follows that work:

Lemma 5 (An Implicit Function Theorem) Let P, X, Y and Z be metric spaces, with X
complete and Y C Z with the subspace metric.

LetpeP,xe X. Letf:PxX - Zand F: X - Y, with f(p,x) = F(X) = 0. (Note: F will
act as an approximation to f.)

Assume subtraction is defined on Z, with F(x) —f(p,x) € Y for allp € P and x € X, and
that 0 € Y, wherey —0 =y forally € Y.

Define g:P x X — Y by g(p,x) = F(x) —f(p, x).

Letx, u,v € (0,00) with xku < 1.

Suppose:

1) There exist neighbourhoods U 3 X and V 3 0 such that F is a bijection from U C X to
dx(F~ 1 (y1),F ' (y2))

dy (y1.y2)
2) There exists r, >0 such that if p € P, x,x, € X, with xy #x,, dp(p,p) <71,,

V CY,andforally,,y, € V withy; # y,,

dy (g(p.x1).8(px2))
dX (xl ,X2)

3) There exists 7, > 0 such that if p;,p, € P, x € X, with p; #py, dp(p1,P) <13,

dx(xl,j) S ra, dx(xz,.')z) S ra, then

v(8(P1,%),8(p2.x))

<v
dp(p1.p2)

dp(pa,P) < 14, dx(x,X) < 13, then i
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Then for all y > % there exists a neighbourhood Q., 3 p such thatforall p € Q,, C P there

exists x € X with f (p,x) = 0 such that dx (¥,x) < ydp(p,p).

The proof of the underlying result is based on a contraction mapping theorem, and hence is
constructive.

Our ® will play the role of f in this Lemma (with an appropriately restricted domain), with
9" playing the role of x.

Let  := {g € (l|”g -g*|_ < 00} and let H := {h € U|h]l, < o}, sog* € G. § and
M are complete metric spaces under the metric dy(g,h) = |g — h”oo for g,h €U .
Completeness for H follows from the fact that the space of bounded functions Dy ; — R" is
Banach for all k € K, s € N*, and from the fact that bounded norm, countable products of
complete spaces are complete under the sup norm over the product. Completeness for Q comes
from the fact that Q =M+ g*, with an identical metric.

Recall that our assumptions imply A := A9 < co and B = BOY < co. So, forg € (,

andk,l € K,se N*,ec andx € Dy, q:

“gk,s+1,e (x) — Yx,5+1,0 (%) ”2

(9= 91,0 G100 = G100 = (5 =97), 1y @)
SO:
|9k,511,6(0) = Grss1,00], SA+2]g —g*|| L < o0, (24)
and likewise:
91,1, *) = grser,e D, < B+2lg =g, <o (25)
Thus, to ensure A9 and B9 are finite, it suffices to ensure g(”"s) €q.

We now proceed with the definitions of the key spaces. The space X will be a closed (hence
complete) subspace of a closed subspace W of g, with the subspace metric. The spaces Y and
Z will be closed subspaces of /{, again with the subspace metric. In particular, we fix:

ce (0,C71,
then define:
k:=C(l—-cO)},
x:=0+xc)D,
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and fix:
A € (0,min{A, {x1}] <A,

peE0x),
and finally, define:
{=KkA<,
[ i {1 A ‘ K } >0
=mins 4, Py ’ ,
2(A+27) 4> 40+ )
< A c U }
0 := min 1, =~ / 2 4 > 0’
{ 2(B+2{) 2[Ly(w)(B+27) +2x?] 41 +X)

W:={g€Gllg—g*l. < Llg)<x}
Y= {h € H|hllo <A, L(h) <c},

Z = {h € H||P]l» <21, L(h) < 2c}.
W, Y and Z are all closed as the set of functions with bounded Lipschitz norm is closed in the
Banach space of bounded functions 0y o — R” for k € K, s € N*. Note that ¢* € W as
L(g*) <D < x. We will define X C W later.

We take the space [0, 7] x [0, 8] to be the space P of parameters in the Lemma. The first
coordinate gives ¢ and the second coordinate gives é. We give this space the metric
dp((0,61),(02,68,)) = max{|oy — 05,18, — 8,1}, for 0, 05, 61,6, € [0,1]. The point (0,0)
(i.e. o =0, 6 = 0) fulfils the role of p from the Lemma.

Let £°(N*,R") be the Banach space of bounded R" valued, N* indexed, sequences,
with the sup norm |I|l,. Let 85 := {# € (N, R")|||y]l < )A\}. This is a closed subset of
£*°(N*,R"), thus it is a complete metric space.

Forh € Y (so |h|o <A and L(h) <c), and fork € K, s € N*, e € £, we define the
1Dy s = (B4 = By) by:

operator @k oe

hk,s,e(x)/
5110 (3;:(;72 (x )) ,
k s, e(x) (n) = i s42,0 (gk Sljg)o (91:,(51,72 (x) )) ’

* R2 *
Py s43,0 (gk g+2 3 <9k (fi’?o <9k ) () ) ) )

~
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for all x € 4y ¢ and 7 € B;. Note that for x € D ; and 171,17, € Bj:
|©5 .0 (m) = O 0 ()
)
Hgksﬂ1 (x) — gkse

o 2 (i) 0 ) = g% (gk<"z><x>)|

R? 1 * 1 1 R > > 5
I, (s+2770) (9k (ir{()) (9k (5776 (x))) Ik (s+2170) <9k fﬁ c)) <9k ! )(x)))

< L(h)sup

2

< L(h)Clliy = 1)l < cClity = 1]l
by our assumption of @,EZ) .(x) being C-Lipschitz in 7.

Also note that for x € Dy ; and 7 € By:
41,0 (9;:(;72 (x )> /
(R
P 2,0 <3k sﬁ)o <9k(;7)(x)>)

(et (. )
hys43,0 ng (s+23 <9k (sliq)o <9k(’7)(x)))) ’

R®khs)e(x) (17) =

= ®1(<hs+1 0 (3;,(;,72(3“)) (R’7)-
Furthermore, note that for hy,h, € Y, and for allk € K,s e N*,ee€ £, x € Dy ;and 7 €
Bi:
|or2 e () — ez o)
[(hq = h2) s, ()],

”(‘Z‘q —ho)ks41,0 (gks )(x))
= sup H(F’I —ha)isi2,0 (31:(5;?0 (31((77)(’())) ,

H(ﬂh - h2)k/5+3/0 (glj(slj-;()) (gk sliz)O (gk s,e (x) ) >>

v

2

Additionally, forh € Y,and forallk € K,s e NT,e € &, x1,x, € Dy s and 17 € By:
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|08 ) () — O x) ()]
g ey = gl

|91:(sﬁ 0 (gk(m(xﬂ) [ (Sliz)o (gk(”)(x2)>

R%y * R
Ik, (s+23 (9k (sliq)o (9k(’7)(x ))> Ik (s+217()) (gk slﬂ)o <9ks e (xz))>

< L(h)sup

7

2

< L(h)D”xl — x2||2 < CD||x1 — X2||2.

Therefore, if h € Y, O (x): By — B, is a contraction mapping forallk € K, s € N7,

kse

e€ & and x € Dy . Thus as B; is complete, by the Banach fixed point theorem,

(x): B4 — B4 has a unique fixed point, which we denote 17k . e(x) € B, . Clearly

kse

17,((05) .(x) = 0. Moreover, by the parametric version of the Banach fixed point theorem given in

Theorem 1A.4 of Dontchev & Rockafellar (2014), in fact n,(f? .(X) is Lipschitz continuous in h
(with k, s, e, x fixed), with Lipschitz modulus (1 — cC y~1, and 17]@ LX) is Lipschitz continuous
in x (with h, k, s, e fixed), with Lipschitz modulus cD (1 — ¢C)~1.

Furthermore, by the definition of g*(’”, we have that:

(h)
kx gkse (x ’gk,s+1,0 \gkse

Uk,s,e(x)l’

N———

SO as qgls)/e(x) = @,ii)/e(x) (17k S e(x)) and:

o nh x
Ry, () = RO, (0 (1), 0 ) = O, 4| (gk,gfii’s)'” %} (Ryf, ).

(- (20) ) Ry

lmplylng 77k s+1 0 kgkse (x)) = kse(x)

r(m {(”kse(’”) W
I

77k s+1,0 9k s,e

h g h)

, *(Wl(c,s),e(X)) K L (17;( Y ) _h

ﬁkzsfe x’gk,s,e (x)’gk,s+1,0 L k,s,e (x)J - k,Sle(x)'

‘We now define g*(h

h
A*(h *(iil(ﬂs),ff(x))
gkse (x) gk,s,e (x)’

forallk € K,s € N*, e € £and x € D)y ;. With this definition, the previous equality can be

restated as:
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~%(h ~%(h)
ﬁk,s,e (x gk s,e (JC) Y (s+)1 0 (g/k(s e (.X)>> = hk,s,e(x)' (26)
Additionally, note that for hy,h, € Y, and forallk € K,s € Nt,e € Eandx € Dy s

(i) (o2l
Hgk,s,e (X) - gk,s,e (X)

jise () = Giod 0, =

Il
=< C||17kse(x) Z’z(x)”w

< CA = O Mlhy = holl

where the first inequality comes from our assumption on g*(”), and the latter comes from our
previous result that n,(fls)e(x) is (1 — cC)~!-Lipschitz in h. Thus as x = C(1 — cC)~:

”9*(511) _g*(l’n)”w < xlhy = hol|o,
ie., *" is x-Lipschitz in h. Since §*©@ = g¢* (as n'? (x) = 0), setting h, = 0 in this

g g g Mk.s,e

relationship implies that for b, € Y,

lg=" = g7 < xlllle < &A= ¢.

Furthermore, since forh € Y,k € K,s € N*,e € Eand xy,x, € Dy
(h *(h
G652 ) = G (2)]

h) (h) (h) (h)
Tie,s,e(X1) # Mg s, (X1) #( g s,0(%1) | g o o(X2)
= gkgf” )< >—gk§:” )<xz>+gk,§,:’s ><xz>—9k,§,:” )

2
| Aleeew) () | () f(nf ) |
||gkse (xl) _gk,s,e (X2)|| + ||gk,s,e xz) _gk,s,e (X )”

2 2

< Dlxy = xllp + Cl7) (xp) — e(x2)|| < D|x; — %olly + cCD(1 — cC)~Llx; — 2,1l
as nkse(x) is cD(1 — cC)~! -Lipschitz in x. Thus, L(g* (h)) <D+cCD(1-cC)~! =y.
This establishes that for allh € Y, h € W. We set:

X := g*(y) = {g*(p‘)‘h (S Y}.
Hence, we have that X C W. We still need to prove that X is closed as required for

completeness.

Next, we define the operator ¥: W — (] by:

\P(g)klslg (x) = ﬁkfsle (x, k5,6 Gh541,0 (gk,s,e (x) ) )

= lik,s,e (xr Yk,s,e (x) ) + Q/k,slggk,s+1,0 <9k,s,e (%) )/
forallg € W,k € K,s € N*, e € € and x € I); ;. We write alg for the restriction of (the

domain of) some function a to some set S. ¥|x will play the role of F in the Lemma.
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Now, for g1,9, € W, keK,seN*,eefandx € Dy :
[¥(9,),., 0~ ¥(g,),,@|,
< L(frse) |91,k,s,e V= Gy pse™ H2
+Ok s ell, 91 kse10 (91,k,s,e<x)> “ 92 k5110 (91,k,s,e(x )> T rkst10 (9 1,k,s,e(x))
T Gaks410 (9 2kse ™ ) ‘ ,

= L(ikrsfe)“91 _92”oo + ||Qk,s,e||2 [”91 _92”oo + L(Qz)Hgl _92”00]
<2+xlg, = 9,

where the first inequality follows from the triangle inequality, the definition of the matrix norm,
and the fact that f"k,s,e is Lipschitz, the second comes from the triangle inequality and the fact

that g, is Lipschitz and the third comes from the fact that max{L(F‘kS e), H } <1.Thus ¥

( )” [2 + x] g SO
‘I’(g1> € M. Hence as X :g*m C W, ¥|x: X - His continuous. Thus as Y is closed in /, by

continuity (¥]x)~1(Y) C W is closed in W and thus closed in g

Now note that forallh € Y,and allk € K,s € NT,e € Eand x € Dy

W), 00 = oo (53000500 (3020 ) = bt

by our result in equation (26). L.e., ‘I’(g ) h. Thus if g € X, then by the definition of X,
there exists h € Y such that g = g ) and Y(g) = ‘P(g* )) =h € Y. Hence, P(X) =
Similarly, if for g,q2 € X. ¥(g,) = ¥(ga) . then g1 = g = 3" *)  Thus ¥y is a
bijection from X to Y. Thus, as we already established that (Y] X)_l(Y) is closed in g, X is
closed in g as required for completeness. Moreover, ¥|x: X — Y is [2 + x]-Lipschitz and
(Y|x)~':Y - X is x-Lipschitz, with (¥]y) "1 (h) = A*(M forallh €Y.

Then, for the first condition of the Lemma, we claim we can take U := X, V := Y and x =
C(1 —cC)~ ! as already defined. F = ¥|y is a x-Lipschitz bijection from U to V. The only
thing left to check is that U is a neighbourhood of g* and V' is a neighbourhood of 0. Let Y, :=
{h € Y||hllo <A} C Y = V.Y, is the intersection of a set open in H{ with Y, thus Y, is open
inY.Let X, := (‘PIX)_l(Yo) C X =U.Xyisopenin X as ¥|x: X — Y is continuous and Y,

is open in Y. Since 0 € Y, C V, g* € Xo C U, as required. This establishes that U is a
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neighbourhood of g* and V' is a neighbourhood of 0, completing the proof that the Lemma’s
first condition holds.

Following the Lemma, we now define the operator I'“9: X — ) for ¢ < 7 and 6 < § by:

L@ (g) = @9 (g) - ¥(g),
for all ¢ € X. I' will play the role of —g in the Lemma. (The sign makes no difference in the

below.) Fork € K,s € N, e € £ and x € Dy :
T (9)k,s,e (x) = ‘TQk,s,e jg (gk/5+1/5 _gk,s+1,0) (gk's'e(x)) dp(s)
+6(1 =)0, Z Wi 15,0 () (G1,1,0 = Gres1 0><9k,s e(x)>

lex

+5Uka€Zwklse(x)j G11,e — Gk,s+1, 8)<gkse(x)>dp(£)

lexK

We want to show that T@9(X) C Y. Letg € X,k € K,s € N* and e € £. We need to prove
<Aand L(T@9(g), ) <c.

that [T9)(¢)

k,s,ello

First let x € 1)y ;. Then:
||1"(‘7’5) kse( )”

< U||Q/k,5,g||2 j@” Gk,s+1,e — gk,s+1,0> (gk,s,e(x))nz dﬁ(e)
+0(1 = )OIl Y Wese@| (9110 —gk,s+1,0)(9k,s,e(x)>||2
leK
+50|‘kae” Z Wi 1s, e(x) j ||(91 1,e = Yk,s+1, 8) (9% S e(x)>|| dP(‘g)
<o [a +z\|g 7l ]dp ) + 80 =) Y we e [B+2lg —g°l_]

lexk

+5azwklse(x)f 2||g—9*”oo]dp(€)
leK R
/\ /\ -

The first inequality comes from the triangle inequality. The second comes from the results in

from the fact that

> leK Wy 1 5e(X) = f c 1 dp(s) = 1 and from the definition of W 2 X. The fourth comes from
the definition of 7 and 6.
Now let x1,x, € Dy . Then:
[ (9)y 0 00 =T (g),., 0020
deselly [ [lgisrne(gese ) = gesvre(grse) ),
+ gk 41,0 (gk,s,e(m) — Gks+1,0 (gk,s,e(x2)>||2] dp (e)
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+5(1 - O—)HQk,s,e”z

Z W 15,601 (G110 — Gros11,0) (gk,s,e (1) )

lexk
- Z W 15,0(X1) (91,10 — Grs41,0) (gk,s,e(xz))
lexk
+ Z Wi 15,6 (X1 (G1,1,0 = Gh,s41,0) (gk,s,e(xz))
leKk
- Z wk,l,s,e(XZ) (91,1,0 - gk,s—i-l,O) (gk,s,e(x2)>
lex 2
+5J‘|Q’k,s,e‘|2 Z Wi 1,5,e(X1) fg<gl,1,s - gk,s+1,e> (gk,s,e(xl)) dp(&’)
leKk
- Z CUk,l,s,e(xl) fg<gl,1,s - gk,s+1,e> (gk,s,e(XZ)) dp(&’)
leKk
+ Z wk,l,s,e(xl) fg(gl,l,s - 9k,s+1,e) (gk,s,e(xZ)) dP(‘S)
lek '
- Z wk,l,s,e(XZ) J;(gl,l,g - 9k,s+1,£) (gk,s,e(x2)> dP(‘g)
leK ) 2
< 0 [ 2L(9) k00 (1) = G2l dpe)
F00=0) Y @00 9110 (grse01) ) = g11.0(grse @) )|
lexk
+ Hgk,s—i-l,o (gk,s,e(xl)> - gk,s+1,0 (gk,s,e(x2)>H2]
+6(1—0) Z|wk,l,s,e(x1) - wk,l,s,e(x2)|||(gl,1,0 - gk,s+1,0) (gk,s,e(x2)>”2

lexK

+d0 Z Wi 15,e (x1) fg [”31,1,8 (gk,s,e (x1) ) —Yi1,e (gk,s,e (x2) ) ||2
leK ’

+ ||g/kls+1/g (gk,s,e(xl ) ) — Yk,s+1,e (gk,s,e (x2) ) ||2] dP(g)
+do0 Z |wk,l,s,e(x1) - wk,l,s,e(x2)| fg” (91,1,5 - gk,s+1,£> <9k,s,e(x2) ) ||2 dp(e)

lex

<o L 2L(g) I, — xallp dp (e)

+0(1—-0) Z wk,l,s,e(xl)ZL(9>2“x1 — Xall>
leKk

+6(1=0) Z L(wy 15.0) 11 = %l [ B+ 2]lg — g7 _]
leKk

+o0 Z Wi 1s,e(X1) fg 2L(9)2||x1 — Xolln dp(e)

lex

+00 Y L(wips0) %1 = %ol fg[B +2g— gl ] dp (o)

leK
< 0 (2x?)lIx; = x5/l + 8[ Ly (w) (B + 28) + 2x2]llx; — x5l
c c
< slxg — Xl + §||x1 — Xl < cllixy — x5l
The first inequality comes from the triangle inequality. The second comes from the triangle
inequality, ¢ being Lipschitz, and the fact that Oy s [, < 1. The third comes from g and wy; 5 .

being Lipschitz, and from the result in equations (25). The fourth comes from the fact that
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Y e Wklse(X1) = f¢ 1dp(e) =1, and from the definitions of Ly (w) and W 2 X. The fifth
comes from the definitions of o and &. This completes the proof that 79 (X) C Y.
Additionally, note that for g € X, @79 (g) =¥(g) +T?(g). As ¥(g) €Y and
I'@9(q) €Y, so by the definition of Z, "% (g) € Z, as required.
For the Lemma’s second condition, letgq,g, € X,k € K,s € N*,x € D)y ;ande € &.

Then:

||1“(¢7,z5) (91>k,s,e(x) _ T (92>k,s,e(x)”2

<0 f€||(91,k,s+1,e ~ J1ks+1,0) (gl,k,s,e(X)) ~ ($1,k541,e = Gks41,0) (gz,k,s,e(X))Hz dp (¢)

+o f €|| (91,5416 = J1k5+1,0) (gz,k,s,e(x)) = (J2ks+1e — J2ks+1,0) (gz,k,s,e(X) ) ”2 dp(e)

F5(1=0) Y @i oe (91,110 = F1k5+1,0) (G150 ) )

lex

- (91,1,1,0 - 91,k,s+1,0) (gz,k,s,e(x)>H2
+6(1—0) Z wk,l,s,e(x)H(gl,l,Lo ~ J1ks+10) (92,1@5,6(’6))

leK

~ (924,10 = $2.k,5+1,0) (gQ,k,s,e(x))” 5
+o0 Z wk,l,s,e(x) fg” (gl,l,l,s - 91,k,s+1,s) (gl,k,s,e(x))

lexK

— (91116 = G1ks+1,e) (gz,k,s,e(X) ) Hz dp (¢)
+o0 Z wk,l,s,e(x) fg” (gl,l,l,s - 91,k,s+1,s) (92,k,s,e(x))

lexK

- (92,1,1,6 - g’2,k,s+1,s) (92,k,s,e(x) ) ”2 dp(é‘)
<7 [ 2L(g) o ~ gl dp© + [ 2lgn ~ g2l dp e
+0(1=0) ) Wi (02L(g1)lg1 = gall _ + 01 =) ) wipee(02gn = ol

lex leKk

+o0 Z wk,l,s,e(x) J; 2L(91>||91 - 92Hoo dP(S) + o0 Z wk,l,s,e(x) J; 2“91 - 92Hoo dP(S)
’ leK

leK
<20+ 01+ 0l - gal, < lgr — g2l
The first inequality comes from the triangle inequality and the fact that |y [, < 1. The
second comes from the triangle inequality and g, being Lipschitz. The third comes from the
fact that 3, wy;s.(X1) = [ 1dp(e) =1, and from the definition of W D X. The fourth
comes from the definitions of & and §. This establishes the Lemma’s second condition for any
arbitrarily large r, > 0.
For the Lemma’s third and final condition, let g € X,keK,se Nt xe Q)k,s ande €
€. Then for oy < 7,0, < 7,8, < 6 and 6, < 0
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ro ), 0 1), o0
<101 = 0l [ [(grsvre = s+10) (o) dp o)

+[16,(1 — 0q) — 61 (1 — 0p)|
#1011 = 0) = 8(1 = 0211 Y @0 (91,0 = Grss1.0) (Grse @),

leKk

+[10107 = 01021 + 16105 — 6,05]] Z W 1,5, (X) LH(gz,l,g —9k,s+1,e) <9k,s,e(x)>”2 dp (€)

lex
<oy — ool[A+2]g — g7l | + [261101 — 02l + 181 = 611[B+2]g — g*] ]

<[A+20 + (1+25)(B+2{) | max{loy — 0,16, — 5,1},
where the first inequality follows from the triangle inequality, the second comes from the results
in equations (24) and (25), and the fact that ) | lek Whls,e(X1) = f e 1 dp(s) = 1, and the third
comes from the definition of W O X. Thus, we can take:
vi=A+20 + (1+26)(B+20),

and then the Lemma’s third condition will be satisfied for arbitrarily large 7, > 0.
Thus, from the conclusion of the lemma, for all y > %, there exists:
¢ € (0,min{7, 8}],
such that for all ¢ < & and § < &, there exists g(”'é) e X with &9 (3(‘7'5)) =0 (ie.,

(0,6

solving the model) such that H9 ) —g*”m < ymax{|c]|, |]}.

Appendix H.7: Proof of Corollary 5

For a given initial state x, € R", and initial shock &¢; € €, we write 7,(xy, ;) and
x;(xo, €1) for the values of i, and x;, respectively, under the perfect foresight solution given
those initial conditions, with ¢, = 0 for t > 1. The existence of such a solution is guaranteed
by our assumption above.

Now let:

T(xp,€1) :==min{T € N|Vt > T,i,(xy,&1) > 0}.

This is well defined by our assumption that the path eventually escapes the bound. Since the M
matrix corresponding to T' = T (xq, €1) is a P-matrix, by Corollary 1 from the paper, x;(x,, €1)
is the unique solution for which i, > O forallt > T = T (xy, €1).

Also, for any given initial state x, € R", and initial shock &; € &, we write it ;(xg, €1)

and xt ;(xg, €1) for the unique values of i, and x;, respectively, under perfect foresight given
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those initial conditions, with €, = 0 for t > 1, and where the bound is only imposed for the first
T periods. (Uniqueness follows from Corollary 1 by the fact that the M-matrix corresponding
to T is a P-matrix.) Now let:

Ly (Xg, €1) 3= Min i 4 (Xg, €1)-
This is well defined as after period T, the endogenous variables x; just follow a stationary
VAR(1), for which there must exist a period S > T such that for any x( and &4, i1 g(xg, €1) >
it (X, €1)-

Now, since M is a P-matrix, the solution y of the associated LCP is Lipschitz continuous
in the g vector (Mangasarian & Shiau 1987). Thus it must be continuous in x, and &;. Thus,
for any xy € R", and ¢; € &€, 5(1%/81)((0, o)) is open. Furthermore, by construction,
(xg,€1) € g';(lelsl)((O, 00)), @S iT(x,,eq),¢ (X0, €1) = (X, €1) forallt € N, and #,(xg, &1) > 0
fort > T(xg,€1).

Consider the function ¢: R"” x £ - R" x & defined by:

P(xg,81) = (x1(x9,€71), 0),
for all x; € R", and ¢; € €. R" x £ is a complete, proper metric space, as £ is closed. Note
that for all, for all x; € R", and ¢; € €, on the open set 1}(1%’81)((0, )) D (xg,€1), ¢ is
Lipschitz continuous, as on this set it is sufficient to solve a size T'(x(, €;) LCP and the M-
matrix of this size is a P-matrix, which is sufficient for Lipschitz continuity (Mangasarian &
Shiau 1987). Thus as ¢ is locally Lipschitz continuous everywhere, it is continuous
everywhere. Additionally, by assumption ¢ has a unique fixed point (x*,0), where x* denotes
the steady state of x,, and for all x; € R", and ¢, € &, ¢7(x0,£1) converges to (x*,0) asj —
co. Finally, there exists an open ball U 3 x* such that for any open set V' 3 x*, there exists j €
N such that ¢/ (U) C V, as for a small enough open ball U, ¢ is linear on U. This means that
¢ satisfies the conditions of the converse to Banach’s fixed point theorem given in Daskalakis,
Tzamos & Zampetakis (2018). Consequently, there exists a metric 4* on R” x & which is
topologically equivalent to the usual Euclidean one, and such that (R" x &,d*) is a complete

metric space with:

d*((xOI 81)/ (fOI gl))/

NI —

d* (p(xo, 1), p(Fo, 1)) <
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for all x, ¥y € R", and ¢4, &; € €. Now X x € is closed and compact under the Euclidean

metric, thus it is also closed and compact under d*. Hence, X x € is bounded under the d*

metric, i.e., there exists 7 > 0 such that for all (xy,&;) € X x &, d* ((xp,€1), (x*,0)) < r. Let:
W := {xg € R"|Ve; € &,d*((xg,€1), (x*,0)) <1}

and:

X = {xg € R"|Ve; € €,d*((x,£1), (x*,0)) < 2}
= [ {x0 € R"d*((xg,€1), (x*,0)) < 3r}

8166

Then X C W C X, and W & X are closed sets, since they are intersections of closed sets. (The
individual sets are closed since d* is continuous under the d* metric, so it is also continuous
under the Euclidean metric.)
Furthermore:
XxEC{xge R" e € Ed*((x, ), (x*,0)) <3r},
which is a closed ball in (R” x &,d*), and hence is compact. Thus as X x € is a closed subset
of a compact set, it is compact. Likewise, i) is compact. Additionally, for all x, € X, &; € &,
d*(p(xg, €1), (x*,0)) < 7,50 x1(xg, 1) € W C X. Now let:
U= {(z,x9) € R" x W|d*((xg + z,0), (x(,0)) < r},
U:={z e R"|V(xy, &)€W, (zxy €U}
U is open by the continuity of d* and the equivalence of the metrics. Hence, by the compactness
of UJ, and the result of Theorem 2.3 of Escardé (2020), Ll is open as well. Thus, if we define
B to be the closed unit ball in R” under the Euclidean metric, there must exist some { > 0
such that B C U. So, if xy; € X, ¢, € &, then forz € {B C U:
d* ((xq(x, €1) +2,0), (x%,0))
< d*((x1(xp,€1) +2,0), (x1(xg,€1),0)) +d* ((x1(x0,€1),0), (x*,0))
<r+4r=2r,
as xq (xg, €1) € W. Thus, x4 (xy,&1) + B C X as required.
Now recall that for any x, € R"”, and ¢; € &, 5(1360,61)((0, o)) is an open set containing

(xo, €1). Consequently, {g’;(le’gl)((O, 00))|xg € X, &, € E} is an open cover of X x &. Hence,
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by compactness, there exists finite sets X CX and é C & such that
{iT ¢y e (O, 00))|x0 € X, & € &} is also an open cover of X x .

Now define T* := max{T(xO,81)|x0 € 56,81 € 5} . This is well defined as it is a
maximum over a finite set. As the M corresponding to T = T* is a P-matrix, for all x, € X,
and e; € €, and t € N, i« ,(xq,€1) = IT (xo,e9),t (X0, €1) = 14(Xp, €1) (again using Corollary
1). Thus, over the entire domain we only ever need to solve LCPs of size at most T*. Finally, as
the M corresponding to T' = T* is a P-matrix, the LCP is Lipschitz in g, which is then sufficient
for the Lipschitz conditions required for Theorem 3 (Restated) to apply. Hence, the model has
a solution under rational expectations for shock distributions with sufficient mass at zero,

completing the proof.

Appendix H.8: Proof of Proposition 12
Defining x; = [Xit Xyt Xnt]’,the BPY modelis in the form of Problem 2 (OBC), with:

-1
0 —ap O 1 Apy G [0 0 (1)]
A:=|p 0 0], B:=|_- _1 o0/, C::[O 1 —|.
o o
0 0 0 0 vy -1 00 B
Assumption 2 is satisfied for this model as:
[—1 0 ocn]
det(A+B+C):det[_l 0 l|q&0
o o
0 o9 -1

asa, # landy # 0. Letf := F, 5, where F is as in Assumption 1. Then:

— ,)/f -

0y, (f 1)+ocﬂ1_ﬁf 0

F=1|0 f 0].

0 - 0

i 1-pf |
Hence:

1 o f?

—f2__ — -
f_f 0.<aA]/(f 1)+a7'[1_13f 1_ﬁf’
i.e.
Bof3 — ((zxAy +0)B+y+ a)fz + ((1 + B)an, + v, + U)f — ap, = 0. (27)

When f < 0, the left-hand side is negative, and when f =1, the left-hand side equals

(a,; — 1) > 0 (by assumption on «,.), hence equation (27) has either one or three solutions
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in (0,1), and no solutions in (—oo, 0]. We wish to prove there is a unique solution in (—1,1).
First note that when «,;, = 1, the discriminant of the polynomial is:
2 2
((1 —B)(apy —0) = 7) ((Baay)” +2B(y — Oapy + (7 + 0)?).

The first multiplicand is positive. The second is minimised when ¢ = Ba,, — 7, at the value
4,8’)/04Ay > 0, hence this multiplicand is positive too. Consequently, at least for small « ., there
are three real solutions for f, so there may be multiple solutions in (0,1).

Suppose for a contradiction that there were at least three solutions to equation (27) in (0,1)
(double counting repeated roots), even for arbitrary large § € (0,1). Let f1,f5,f3 € (0,1) be the

three roots. Then, by Vieta’s formulas:

35 f 4 fy s = (zxAy+a),B+7+<7

e
3> fify i ffy = T
Xp

1> fifofs = ,3_;’
R
(26 —1)0 > pay, +y>7>0
,B>%, 26—-1)0 >,
po > Bay, + v +o(1—p),
260 > (14 B)ap, + v, + o (1 —p),
po > ay,.
Also, the first derivative of equation (27) must be positive at f = 1, so:
(1—=B)(apy — ) + (@7 —2)y > 0.
Combining these inequalities gives the bounds:
Y+o

O<05Ay<20'— ,
B

N (1- ﬁ)(;f — fpy) <a < (3 -1)c —7 (1+ ﬁ)%y.

Furthermore, if there are multiple solutions to equation (27), then the discriminant of its first

2

derivative must be nonnegative, i.e.:

((ocAy +0)B+7+ (7)2 — 3,8(7((1 + B)an, + Yo + (7) > 0.
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Therefore, we have the following bounds on «,:
2
(1—,[5)((7—04Ay) ((zxAy+0)ﬁ+'y+0> —3,80((1+,B)zxAy+a)
+ <a, <
Y 3By

2

since,
(- 1o - (14 Py, ((aay+0)p+7+0) =3p0((1+ lay, +0)
- 3By
((2(7 —apy)B—7 — (7)((40 +ap, )+ + (7)
3Byoc

>0

+
as iy, < 20° —%.

Consequently, there exists A, ¢, k € [0,1] such that:

o p[as L= )
r

2+

[((ocAy +0)B+7+ 0')2 - 3/50'((1 + B)an, + 0')]
A 3By

Any = (1—,”)[0]"‘]4[2‘7—7;0],

7

7= 0=0[0]+x[(2 —1)0]
These simultaneous equations have unique solutions for &, 5, and 7y in terms of A, pand x.
Substituting these solutions into the discriminant of equation (27)(27) gives a polynomial in
A, u, %, B, 0. As such, an exact global maximum of the discriminant may be found subject to
the constraints A, u, k € [0,1], B € [% , 1], o € [0, 00), by using an exact compact polynomial
optimisation solver, such as that in the Maple computer algebra package. Doing this gives a
maximum of 0 when 8 € {%, 1}, x = 1 and ¢ = 0. But of course, we actually require that €
(%, 1), x < 1, ¢ > 0. Thus, by continuity, the discriminant is negative over the entire domain.
This gives the required contradiction to our assumption of three roots to the polynomial,

establishing that Assumption 1 holds for this model.

Now, when T = 1, M is equal to the top left element of the matrix —(B + CF) -1 je.:
Bof>—((L+B)r+7)f +0
Bof? — ((1 +B)o+ 7+ ,BocAy)f + 0 +ap, +ya,

M =
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Now, multiplying the denominator by f gives:

Bof = (14 B)o + 7 + Bany )F2 + (0 + ay + 70 )f
= [,Baf3 — ((zxAy +0)B+y+ 0>f2 + ((1 + B)any, + vy + a)f — zxAy]
= [Banyf —apy | = (1= Bfan, >0,

by equation (27). Hence, the sign of M is that of Bof? — ((1+ B)o +7)f + 0. Le., M is

negative if and only if:

((1+B)o +7) = ((1+ B)e +7)* — 4p0
2B <f

((1+B)o +7) + (1 +B)e +7)* — 40
< X
2B0

The upper limit is greater than 1, so only the lower is relevant. To translate this bound on f into
a bound on &y, we first need to establish that f is monotonic in & Ay-

Totally differentiating equation (27) gives:

(38012 = 2( (any + 0)B+ 7 + 0 )f + ((1+B)ay, + 7y + 0-)]% = (1-BH(1-f)

> 0.

Thus, the sign of di is equal to that of:
“Ay

3B0f? — 2((04Ay +0)B+7+ a)f + ((1 + By + v + (7).
Note, however, that this expression is just the derivative of the left-hand side of equation (27)
with respect to f.

To establish the sign of %, we consider two cases. First, suppose that equation (27) has
three real solutions. Then, the unique solution to equation (27) in (0,1) is its lowest solution.
Hence, this solution must be below the first local maximum of the left-hand side of equation
(27). Consequently, at the f € (0,1), which solves equation (27), 380f? — 2((0(Ay + (7),3 +
v+ (7) f + ((1 + Blayy, + yay + (7) > 0. Alternatively, suppose that equation (27) has a
unique real solution. Then the left-hand side of this equation cannot change sign in between its
local maximum and its local minimum (if it has any). Thus, at the f &€ (0,1) at which it changes
sign, we must have that 3f0f2 — 2<(aAy +0)B+7+ (T)f + ((1 + Blayy, + va + (7) >

df

0. Therefore, in either case —~— > 0, meaning that f is monotonic increasing in « Ay-
Ay
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Consequently, to find the critical (f , (XAy) at which M changes sign, it is sufficient to find
the lowest solution with respect to both f and « ay Of the pair of equations:
Bof>—((1+B)r+7v)f +0 =0,
Bof3 — ((ocAy +0)B+7+ cr)fz + ((1 + B)an, + Yo + a)f — ap, = 0.
The former implies that:
Bof?—((1+B)r+7)f*+af =0,
so, by the latter:
anyBf* — ((1 + B)an, + 'yzxn)f +ap, = 0.
If wp, = oy, then this equation holds if and only if:
oBf? = ((1+B)o +7)f +0 =0.

Therefore, the critical (f S Ay) at which M changes sign are given by:

Apy = Oy,
(@B +7) (L +Bo+9) — 40
B 280 '

Thus, M is negative if and only if &y, > oa,;, and M is zero if and only if s, = o,
Appendix H.9: Proof of Proposition 13
Defining x; = [Xit Xyt Xpt]’, the price targeting model from O is in the form of

Problem 2 (OBC), with:

-1 « n 00 O
00 0 L 1
A::lo 0 O], B=|__ _ —— 1, C:=10 1 =
o o
001 0 9 -1-p lo 0 ,BJ
Assumption 2 is satisfied for this model as:
{—1 Xpy ocn}
det(A+B+C)=det|_l 0 olqéO
o
lo 4 -1l

asap, # 0and a,; # 0. Letf := F3 3, where F is as in Assumption 1. Then:

[ f(l _f)((f“rr - “Ay)—

R RO
F= f(l _f - wn) ’

00 ap, + (1 —f)o

[0 0 f
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and so:
Bof3 — ((1 +2B)0 + Py, + 7)f2 + ((2 +B)o + (1+ Blay, + (1 + ﬂénW)f
— (0 +apy) =0.
Now define:
&y

y =0+, Ap=14+a,

so:

Bof3 — ((&Ay +0)B+7+ (f)f2 + ((1 + B)&py + YRy + a)f — &y, =0,
This is identical to the equation for f in Appendix H.8, apart from the fact that & Ay has replaced
apy, and &, has replaced a . Hence, by the results of Appendix H.8, Assumption 1 holds for
this model as well.

Finally, for this model, with T' = 1, we have that:
. (mNA+A-AP+(A+ APy + (AN +af)r)o+ (L =Hrey
(A=HA+ A= P+ A+ (A =f)B)any + (1 =) +az)7) (7 + )

Appendix H.10: Proof of Proposition 14

If X is compact, then T is compact valued. Furthermore, X is clearly convex, and T is
continuous. Thus assumption 4.3 of Stokey, Lucas, and Prescott (1989) (henceforth: SLP) is
satisfied. Since the continuous image of a compact set is compact, F is bounded above and
below, so assumption 4.4 of SLP is satisfied as well. Furthermore, F is concave and T is
convex, so assumptions 4.7 and 4.8 of SLP are satisfied too. Thus, by Theorem 4.6 of SLP, with
B defined as in equation (28) and v* defined as in equation (29)(29), B has a unique fixed
point which is continuous and equal to v*. Moreover, by Theorem 4.8 of SLP, there is a unique
policy function which attains the supremum in the definition of B3.(v*) = v*.

Now suppose that X is possibly non-compact, but I'(x) is compact valued and x € T (x)
for all x € X. We first note that for all X,z €E X:

T (x,2) < u® — %ua)a(z)—lu(l)’,

thus, our objective function is bounded above without additional assumptions. For a lower
bound, we assume that for all x € X, X e f(x), so holding the state fixed is always feasible.
This is true in very many standard applications. Then, the value of setting x;, = x for all t €

N+* provides a lower bound for our objective function.
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More precisely, we define V := {v|v: X - [—oo, 00)} and 0,7 € V by:

1 -
o(x) = Tﬁji(xo,x()),
1 -1 /
= — 0) _ Z,,(M)5(2) (1)
v(x) T—§ [u 2u i u ],

for all x € X.

Finally, define B3: V — V by:
B(o)(x) = sup [F(x,2) + pv(z)] (28)

zeT(x)
for all v € V and for all x € X. Then B(v) > v and B(7) < 7. Furthermore, if some

sequence (x;)> satisfies the constraint that for all t € N+, x, € ['(x,_1), and the objective in
(16) is finite for that sequence, then it must be the case that ||xt||oot,B% — 0 ast — oo (by the
comparison test), so:

lirtrloionf Blo(x;) = 0.
Additionally, for any sequence (x;);=:

lim sup B'o(x;) = 0.
Thus, our dynamic programming prto_{)oloem satisfies the assumptions of Theorem 2.1 of
Kamihigashi (2014), and so 43 has a unique fixed point in [v,7] to which Bk (v) converges
pointwise, monotonically, as k — oo, and which is equal to the function v*: X — R defined by:

v*(x9) = sup{ Y2, B F (1, x) [Vt € N*, x, €T(x,_1) }, (29)
forall xo € X.
Furthermore, if we define:
W := {v € Vv s continuous on X, v is concave on X},

then as #® is negative-definite, v € W . Additionally, under the assumption that T() is
compact valued, if v € W, then B(v) € W, by the Theorem of the Maximum,* and,
furthermore, there is a unique policy function which attains the supremum in the definition of
B (v). Moreover, v* = ]11_)12 Bk (v) is concave and lower semi-continuous on X9 We just need
to prove that v* is upper semi-continuous.’® Suppose for a contradiction that it is not, so there

exists x* € X such that:

48 See e.g. Theorem 3.6 and following of Stokey, Lucas, and Prescott (1989).
4 See e.g. Lemma 2.41 of Aliprantis and Border (2013).

50 In the following, we broadly follow the proof of Lemma 3.3 of Kamihigashi and Roy (2003).
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lim sup v (x) > hmv (x*).
Then, there exists § > 0 such thatx;(;(r all € > 0, there exists x\* € X with ||x* xée)HoO <e
such that:
o (x) > 6+ v* (x*).
Now, by the definition of a supremum, for all € > 0, there exists (xfe) )z , such that for all t €
N*, x{¢ € I'(x!¢,) and:
o (x19) < 5+Z,Bf TF (), 1),
Hence:
Zﬁt 173(xt 1,xﬁe)) > v*(xée)) — 5> v*(xY).
Now, let & := {x € X|||x* — x|l <1},andfort € N*,let 5, := ['(5,_;). Then, since we are
assuming I' is compact valued, for all t € N, 5, is compact by the continuity of T .
Furthermore, for allt € N and € € (0,1), xie) € 5;. Hence, HZO S is sequentially compact
in the product topology. Thus, there exists a sequence (€;) ., with €, — 0 as k — oo and such

that

converges for allt € N. Let x; := %1_{210 xie"), and note that x* = x; € 5y C X, and
thatforall t,k € N*, x, € g T( € ) so by the continuity of I', x, € I'(x;_;) forallt € N*.
Thus, by Fatou’s Lemma:

v*(x*) > iﬁt‘liﬁ(xt_l,xt) > lim sup iﬁt‘ﬁ: xief),xiek ) > vt (x"),
which gives the reciuired contradiction. Thku_;ov* tizlcontinuous and concave, and there is a

unique policy function attaining the supremum in the definition of B (v*) = v*.

Appendix H.11: Proof of Proposition 15
Suppose that (x;);2;, (A;);=; satisfy the KKT conditions given in equations (18) and
(19), and thatx;, — yand A, — A as t — co. Let (z,)52, satisfy z, = xy and z, € T'(z,_;) for
all t € N*. Then, by the KKT conditions and the concavity of:
(X1, %) = F(x,_q,%;) + A} l‘l’(o) + 9 [x;—:_—yﬂ”,
we have that forall T € N*:3!

T ~ ~
Z gt [j:(xt—llxt) - j:(zt—llzt)]

t=1

5! Here, we broadly follow the proof of Theorem 4.15 of Stokey, Lucas, and Prescott (1989).
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1l
M1~

et T, + A lw) +¥ [xic_tl—_uy” - P

~
Il
—_

v
1=

~ x - - B
t pt-1 [j:(xt_l,xt) + A} l‘F(O) + 9D [ ;ctl— ;4” — F(z-1,2)

Il
-

— A l‘P“’) PRV [Zt—l - Pl]”

Zy— Y

Lo [ 1= 1 -2 e
> Zﬁ [”.,z + [ X, — i ] iy + MY, ] (X — z4)

t=1

X1 — Uy . ,
+ [u.(,ll) + [ ; b }l] ”.(,21) +)‘t\P.(,11)] (Xp—1 = Zt—l)]
t— H

T /
_ | [ (X1 =1 o) e
oy h P[] g

Xp—u 1 , 1 ]
el [0 e

X — !
Y PR R i P S e

’ XT41 — K
= W, [T THE Y 2@y e
= ,BT |:l/l./1 + [xT+1 _ ‘u:l ”~,1 +AT+1‘II./1 ] (ZT — xT).
Thus:
D BT F i) = Fziyz) |
=1
i W [XTTHY @ g
> }EroloﬁT [”.,1 + [xT+1 _ y] 0y +Ara ¥y ] (zr — XT)
= 7lﬂim ﬁT[M,(,ll) + 7\"P_(’11>](ZT —u) = Tlim ﬁT[u.(,ll) n XIT-(,ll)]ZT-
Now, suppose im Bzy # 0, then since i is negative definite:
Zﬁt_liﬂ(zt_llzt) = —oo,
=1

so (z;);2 cannot be optimal.

Hence, regardless of the value of %im BTz

o)

Zﬁt_l[iﬁ(xt_lzxt) - j:(zt—llzt)] >0,

t=1

which implies that (x;);2; solves Problem 4 (Linear-Quadratic).
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